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1. Basic physical concepts 

The subject of atmospheric radiation is concerned with the transfer of energy within the 
atmosphere by photons, or equivalently by electromagnetic waves. We recall that the 
wavelength of visible light lies between the violet at about 0.4 μm and the red at about 0.7 
μm. Ultraviolet radiation has wavelengths shorter than 0.4 μm and infrared radiation has 
wavelengths longer than 0.7 μm. It is convenient to split the infrared into the near infrared, 
between about 0.7 and 4 μm, the thermal infrared, between about 4 and 50 μm, and the 
far infrared, between about 50 μm and 1 mm. In the atmosphere, the relevant photons fall 
naturally into two classes. 

• Solar (or shortwave) photons, emitted by the Sun; these correspond to ultraviolet, 
visible and near infrared wavelengths between about 0.1 and 4 μm. 

• Thermal (or longwave) photons, emitted by the atmosphere or the Earth’s surface; 
these correspond mainly to thermal infrared and far infrared wavelengths, between about 4 
and 100 μm. 

These two wavelength ranges represent spectral regions of significant blackbody 
emission at temperatures of about 6000K (a temperature representative of the solar 
photosphere) and 288K (the Earth’s mean surface temperature), respectively. 

To study the effects of atmospheric radiation, it is necessary to investigate the 
interaction between photons and atmospheric gases. One way in which solar photons may 
be lost is by interaction with molecules at certain discrete frequencies, each frequency ν 
corresponding to an orbital transition of an electron to a higher energy level according to 
the formula ΔE = hν, where ΔE is the difference in energy levels and h is Planck’s constant. 
(The corresponding wavelength λ is given by λ = c/ν = hc/ΔE, where c is the speed of light.) 
However, the resulting excited state has a limited lifetime and the excitation energy may be 
lost again in one of two ways. 

(a) The electron falls back to the ground state, re-emitting a photon of the same energy 
and frequency as the original photon, but in a random direction. This process is called 
radiative decay. 

(b) At sufficiently high pressures, molecular collisions are likely to occur before 
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reemission takes place, leading to transfer of the excitation energy ΔE to other forms of 
energy: the photon is then said to have been absorbed. If kinetic energy is produced in the 
process, this will quickly be shared between molecules by collisional interactions and (since 
thermal energy is the macroscopic expression of molecular kinetic energy) local heating of 
the atmosphere takes place. This transfer of photon energy to heat is called thermalization. 

Radiative decay, defined in (a), is an example of the scattering of a photon of a given, 
discrete, frequency by an atmospheric molecule. More important for atmospheric physics, 
however, is the scattering of photons, over broad ranges of frequencies, by atmospheric 
molecules and by solid or liquid particles in suspension in the atmosphere. (A suspension 
of this kind is called an aerosol.) In the case of scattering by molecules, whose dimensions 
are much less than the wavelength of the solar radiation, we have Rayleigh scattering. In 
the case of scattering by aerosol particles such as dust and smog, whose dimensions are 
comparable to the wavelength of the solar radiation, we have the more complex Mie 
scattering. For scattering by particles such as cloud droplets or raindrops, which are much 
larger than the wavelength of the solar radiation, geometric optics applies; this describes 
optical phenomena such as rainbows and haloes. 

The term extinction is used to denote loss of energy from an incoming photon. This 
can occur either by absorption or by scattering.  

Absorption of solar photons may also cause photo-dissociation, i.e. the breakdown of 
the molecules, leading to photochemical reactions, and photo-ionization, in which outer 
electrons are stripped from atoms. These interactions occur over a continuous range of 
frequencies, provided that the energy of the incoming photon is large enough.  

Thermal photons may be absorbed and scattered in a similar manner to solar photons. 
They may also be emitted, by the inverse process to absorption, with energy being drawn 
from molecular kinetic energy, thus leading to a local cooling of the atmosphere. However, 
at the infrared frequencies involved here, the relevant ΔE corresponds to a difference 
between the energies of pairs of vibrationally or rotationally excited states of the emitting 
molecule (see Chapter 3), rather than the energy of an electronic transition. 

We will use the frequency ν and wavelength λ, as appropriate, to describe radiative 

properties. A related quantity is the wavenumber 𝜈" = ν/c = 1/λ; this is commonly used in 
spectroscopy and is often measured in units of cm−1. It should not be confused with the 
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quantity k = 2π/λ, also called the wavenumber, that is used in the description of wave motion. 

1.1 The Planck function 

An isothermal cavity is defined as a cavity whose walls are maintained at a uniform 
temperature. Under thermodynamic equilibrium conditions, the radiation within such a 
cavity is in equilibrium with the cavity walls and it can be shown that the spectral energy 
density (the energy per unit volume, per unit frequency interval) depends only on frequency 
and temperature; the radiation is also isotropic. If a small hole is cut in the cavity then the 
emitted radiation will have the same form as the radiation within the cavity. Radiation of 
this kind is called blackbody radiation. Planck’s law states that the spectral energy density 
of blackbody radiation at absolute temperature T is given by 

𝑢$(𝑇) =
)*+$,

-,./012 34567
89:;

,        (1.1) 

where kB is Boltzmann’s constant. Since the photons carrying this energy are moving 
isotropically, the energy density associated with the group of photons moving within a small 
solid angle ΔΩ steradians is uνΔΩ/(4π). Consideration of the energy flow per unit time, per 
unit area, transferred at speed c by this group of photons then shows that the power per unit 

area, per unit solid angle, per unit frequency interval (the spectral radiance， see section 

2.1) for blackbody radiation at temperature T is 

𝐵$(𝑇) =
>+$,

-?./012 34567
89:;

	 ;                          (1.2) 

This is called the Planck function. The blackbody spectral radiance can also be written in 
terms of the power per unit area, per unit solid angle, per unit wavelength interval, 

𝐵B(𝑇) =
>+-?

BC./01	[ 3E
F567

9:;
 ;         (1.3) 

Figure 1.1 shows Bλ for temperatures of 6000 and 288 K. Since large ranges of 
wavelengths and spectral radiances are under consideration, it is convenient to use a log–
log plot here. Note that the curve for 6000K lies above that for 288K for all wavelengths: in 
fact Bλ and Bν always increase with temperature at fixed λ and ν. (However, when account 
is taken of the small solid angle subtended by the Sun, the spectral power per unit area 
reaching a point in the atmosphere from the Sun is much closer in magnitude to that from 
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the Earth.)  

If Bλ is integrated over all wavelengths, we obtain the blackbody radiance 

∫ 𝐵B(𝑇)𝑑𝜆 =
J
*

K
L 𝑇M,        (1.4) 

where σ is the Stefan–Boltzmann constant. In terms of an integral over ln(λ), this gives  

𝑇9M ∫ 𝜆𝐵B(𝑇)𝑑(𝑙𝑛𝜆)
K
9K = J

*
.       (1.5) 

 

Figure 1.1. Logarithm of the black-body spectral radiance Bλ(T), plotted against the logarithm of 

wavelength λ, for T = 6000 K, a typical temperature of the solar photosphere, and 288 K, the Earth’s 

mean surface temperature.  

This suggests plotting T−4λBλ against lnλ: the area under the resulting curve is then 
independent of T. Curves of this kind are shown in Figure 1.2. Note that, with this 
normalization, there is little overlap between the blackbody spectral radiances at 6000 and 
288 K, which are mostly confined to wavelengths shorter and longer than λ = 4 μm, 
respectively. 

A black body is defined as a body that completely absorbs all radiation falling on it. It 
can be shown that the radiation emitted by a black body is blackbody radiation, as defined 
above. The concept of a black body is an idealization: a real body will emit less radiation 
than this. The spectral emittance εν of a body is the ratio of the spectral radiance from that 
body to the spectral radiance from a black body; therefore εν ≤ 1. It follows that a black 
body emits the maximum possible amount of energy in each frequency interval, at a given 
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temperature. We can also define the spectral absorptance αν as the fraction of energy per 
unit frequency interval falling on a body that is absorbed. Kirchhoff’s law states that εν = 
αν ; that is, at a given temperature and frequency the spectral emittance of a body equals its 
spectral absorptance. 

 

Figure 1.2 The blackbody spectral radiance Bλ(T), multiplied by T−4λ, plotted against the logarithm of 

wavelength λ, for T = 6000 and 288 K. The vertical dashed line at λ = 4μm roughly separates the solar 

radiation on the left from the thermal radiation on the right. 

1.2 Local thermodynamic equilibrium 

The standard derivation of the Planck function (1.2) applies to an isothermal cavity 
containing radiation, but not containing matter. On the other hand, statistical mechanics 
shows that the energy levels of a material system (for example a gas) in equilibrium at 
temperature T will be populated according to the Boltzmann distribution, when radiation 
is neglected. That is, the numbers n1 and n2 of molecules in states of energy E1 and E2 and 
with statistical weights g1 and g2, respectively, are in the ratio given by the Boltzmann 
distribution 

QR
Q?
= SR

S?
𝑒𝑥𝑝{−(𝐸: − 𝐸>)/(𝑘\𝑇)}.         (1.6) 

In the case of a gas, this equilibrium ratio is maintained by collisions between the gas 
molecules. 

When matter and radiation are both contained in an isothermal cavity and the 
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interaction between the matter and radiation is sufficiently weak, then in thermodynamic 
equilibrium the radiation will continue to satisfy Planck’s law and the matter will continue 
to satisfy the Boltzmann distribution. The interaction between the matter and the radiation 
is essential to bring about thermodynamic equilibrium between them, but it must not be so 
strong as to lead to significant departures of the radiation from Planck’s law or of the matter 
from the Boltzmann distribution. The interaction will be sufficiently weak, for a given pair 
of energy levels, if the mean time between collisions for a given molecule, τc say (which is 
inversely proportional to the pressure p), is much shorter than the lifetime for radiative 
decay, τd say, for the given levels. This state of thermodynamic equilibrium will therefore 
hold if the pressure is large enough, for a given transition between energy states. 

The atmosphere does not have a uniform temperature, so we cannot regard it as being 
in strict thermodynamic equilibrium. However, at high enough pressures, molecular 
collisions are sufficiently rapid for the Boltzmann distribution (1.6) to hold for each small 
portion of the atmosphere, given the local value of T. Such a portion of the atmosphere is 
said to be in local thermodynamic equilibrium (LTE) with respect to the given energy 
states. We can then, for example, use the Planck function (1.2) – which is derived under 
thermodynamic equilibrium conditions – to represent the spectral radiance.  

It can be shown that LTE applies to translational modes (those associated with 
molecular kinetic energy and macroscopic thermal energy) below about 500 km altitude. 
For the vibrational and rotational modes involved in the absorption and emission from most 
radiatively active gases, LTE holds for pressures greater than about 0.1 hPa, corresponding 
roughly to altitudes below about 60 km. Methods for calculating the spectral radiance when 
LTE does not hold are complex and will not be discussed in this course. 
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2. The radiative-transfer equation 

2.1 Radiometric quantities 

Several different, but related, quantities are used in the description and measurement of 
radiation. The most important are as follows.  

• The spectral radiance (or monochromatic radiance) Lν (r, s) is the power per unit 
area, per unit solid angle, per unit frequency interval in the neighborhood of the frequency 
ν, at a point r, in the direction of the unit vector s. It is measured in Wm−2 steradian−1 Hz−1. 
The spectral radiance can be visualized in terms of the photons emerging from a small area 
ΔA with unit normal s, centered at a point r (see Figure 2.1). Consider those photons whose 
momentum vectors lie within a cone of small solid angle ΔΩ centered on the direction s and 
whose frequencies lie between ν and ν +Δν. Then Lν ΔAΔΩΔν is the energy transferred by 
these photons, per unit time, from ‘below’ the area ΔA to ‘above’. (Here ‘below’ means in 
the direction −s and ‘above’ means in the direction s.)  

 

Figure 2.1 Illustrating the definition of spectral radiance; see the text. Although a cone is shown only 

emerging from the point r, we must also consider parallel cones emerging from the other points in the 

area ΔA. 

We have already encountered a special case of the spectral radiance, for isotropic 
blackbody radiation in an isothermal cavity, when Lν = Bν (T), the Planck function; this 
depends only on the temperature of the cavity and is independent of position and direction. 

• The radiance L(r, s) is the power per unit area, per unit solid angle at a point r in the 
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direction of the unit vector s; in other words it is the integral of Lν over frequency: 

𝐿(𝒓, 𝒔) = ∫ 𝐿$(𝒓, 𝒔)𝑑𝜈
K
L .        (2.1) 

Its units are Wm−2 steradian−1. 

• The spectral irradiance (or monochromatic irradiance) Fν (r, n) is the power per unit 
area, per unit frequency interval in the neighborhood of the frequency ν, at a point r through 
a surface of normal n; its units are Wm−2 Hz−1. It is obtained from the spectral radiance by 
integration over a hemisphere on one side of the surface: 

𝐹$(𝒓, 𝒏) = ∫ 𝐿$(𝒓, 𝒔)𝒏 ∙ 𝒔𝑑Ω(𝒔)>* ,      (2.2) 

where dΩ(s) is the element of solid angle in the direction s (see Figure 2.2). We therefore 
integrate over all photons in the frequency interval that emerge into the region above the 
surface. As with the Planck function, the spectral radiance and spectral irradiance can 
alternatively be expressed per unit wavelength interval. 

• The irradiance (or flux density) F(r, n) is the power per unit area at a point r through 
a surface of normal n, i.e. the integral of Fν over frequency, and also the integral of the 
radiance L over a hemisphere: 

 

Figure 2.2 Illustrating the calculation of the spectral irradiance by integrating the spectral radiance over 

the hemisphere above the shaded horizontal surface. The scalar product n · s in equation (2.2) arises 

from the projection of the unit area perpendicular to s in the direction n of the normal. 

𝐹(𝒓, 𝒏) = ∫ 𝐹$(𝒓, 𝒏)𝑑𝜈
K
L = ∫ 𝐿(𝒓, 𝒔)𝒏 ∙ 𝒔𝑑Ω(𝒔)>* .    (2.3) 
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Its units are Wm−2. 

It must be borne in mind that the irradiance has a specific direction associated with it; 
for example, if the surface in question (assumed for the present argument to be an imaginary, 
rather than a material, surface) is horizontal and the normal n points upwards, then the 
irradiance under consideration (denoted by F↑) is associated with upward-moving photons. 
Conversely, the irradiance F↓ = F(r,−n) is associated with downward-moving photons. If 
we require the net upward power per unit area, Fz say, then we must take the difference: 

𝐹e = 𝐹↑ − 𝐹↓.       (2.4) 

In terms of electromagnetic quantities, this net upward irradiance equals the vertical 
component of the Poynting vector [the Poynting vector represents the directional energy 
flux (the energy transfer per unit area per unit time) of an electromagnetic field]. There is a 
simple relationship between the radiance and irradiance from an isothermal plane surface, 
at temperature T, that emits blackbody radiation. Since the blackbody radiation is isotropic, 
Lν = Bν (T) is independent of s and r, so the hemispheric integral is straightforward. Equation 
(2.2) for the spectral irradiance becomes  

𝐹$(𝒓, 𝒏) = ∫ 𝐿$𝒏 ∙ 𝒔𝑑Ω(𝒔)>* = 2𝜋𝐵$ ∫ 𝑐𝑜𝑠𝜙𝑠𝑖𝑛𝜙𝑑𝜙*/>
L = 𝜋𝐵$(𝑇),		  (2.5) 

where 𝜙 is the angle between s and the normal n (see Figure 2.2) so that dΩ = 2π sin𝜙 d𝜙, 
since there is axisymmetry around the normal. Integrating over all ν we obtain the Stefan–
Boltzmann law for the irradiance 

𝐹(𝒓, 𝒏) = 𝜋 ∫ 𝐵$(𝑇)𝑑𝜈
K
L = 𝜎𝑇M,	     (2.6) 

using the frequency-integral analogue of equation (1.4). 
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Figure 2.3 A beam, or ‘pencil’, of radiation travelling a distance ds from surface A1 of unit area to a 

surface A2. (Scattering of photons out of or into the beam is not indicated.) The area of A2 is slightly 

greater than unity, owing to the divergence of photons into a solid angle ΔΩ from each point of A1; 

see Figure 2.1. However, to leading order, the volume of the pencil is still given by (unit area) × ds. 

2.2 Extinction and emission 

Consider a beam of radiation of unit cross-sectional area, moving in a small range of 
solid angles ΔΩ about the direction s (see Figure 2.3). If the photons experience absorption 
or scattering in a small distance ds along the beam, due to the presence of a radiatively active 
gas [We refer to gases here, but the same considerations also apply to a gas containing a 
suspension of solid particles or liquid droplets], then the spectral radiance Lν will be reduced. 
The physics of the process is complex; however, it may be summed up by Lambert’s law, 
which states that the fractional decrease of the spectral radiance is proportional to the mass 
of absorbing or scattering material encountered by the beam in a distance ds. Since the beam 
has unit cross-sectional area, this mass is ρads, where ρa is the density of the radiatively 
active gas, so  

𝑑𝐿$ = −𝑘$(𝑠)𝜌q(𝑠)𝐿$(𝑠)𝑑𝑠.       (2.7)  

(The dependence of Lν on the direction vector s is omitted here for clarity.) The quantity kν 
is called the extinction coefficient; it is the sum of an absorption coefficient aν and a 
scattering coefficient sν, defined in an obvious manner in terms of the contributions to dLν 
from absorption and scattering, respectively: 

𝑘$ = 𝑎$ + 𝑠$.        (2.8) 

The extinction coefficient kν generally depends on temperature and pressure, and can be 
regarded as calculable from detailed quantum mechanics or as an empirical quantity, to be 
derived from measurements. (Note that ρa is not generally the same as the total gas density 
ρ.)  

If the gas is also emitting photons of frequency ν, an extra term must be added to the 
right hand side of equation (2.7), to represent the additional power per unit area introduced 
into the beam. This term will also be proportional to the mass ρads, so it is convenient to 
write it as kνρaJν ds, where Jν (s) is called the source function. Including both extinction 
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and emission we therefore obtain the radiative-transfer equation 

tu4
tv
= −𝑘$𝜌q(𝐿$ − 𝐽$).        (2.9) 

If kν, ρa and Jν are given as functions of distance s, a formal solution of the radiative 
transfer equation can be obtained as follows. First introduce the optical path χν, defined by  

𝜒$(𝑠) = ∫ 𝑘$(𝑠y)𝜌q(𝑠y)𝑑𝑠′
v
v{

,      (2.10) 

where s0 is the start of the path; then equation (2.9) can be written as 

tu4
t|4

+ 𝐿$ = 𝐽$.         (2.11) 

After multiplying by the integrating factor exp(χν ) we can integrate equation (2.11) to get  

𝐿$𝑒|4 = ∫ 𝐽$𝑒|4
} 𝑑𝜒$y + constant.        (2.12) 

If the spectral radiance equals Lν0 at the point s0 then 

𝐿$(𝑠) = ∫ 𝐽$(𝜒y)𝑒9�|49|
}�𝑑𝜒′|4

L + 𝐿$L𝑒9|4.     (2.13) 

Note that, in the absence of emission (Jν = 0), the spectral radiance falls exponentially, 
decreasing by a factor of e over a distance corresponding to unit optical path. (This 
exponential decay is known as Beer’s law.) A region is said to be optically thick at a 
frequency ν if the total optical path χν through the region is much greater than 1, and 
optically thin if the total optical path is much less than 1. A photon is likely to be absorbed 
or scattered within an optically thick region, but is likely to traverse an optically thin region 
without absorption or scattering. 

As a simple example, suppose that the extinction coefficient kν and the density ρa of the 
radiatively active gas are both constant and take s0 = 0. Then from equation (2.10) the optical 
path is proportional to the distance s, χν = kνρas, so 

𝐿$(𝑠) = 𝑘$𝜌q ∫ 𝐽$(𝑠y)𝑒9�4���v9v
}�𝑑𝑠′v

L + 𝐿$L𝑒9�4��v.   (2.14) 

The radiance Lν (s) reaching s thus has a simple interpretation, as follows. The second term 
on the right-hand side of equation (2.14) represents the radiance at the starting point s = 0, 
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attenuated by an exponential factor due to extinction over the distance s, while the integral 
represents the sum of contributions emitted from elements ds’ at different distances s’ along 
the path, each attenuated by the factor exp[−kνρa(s – s’)] due to extinction over the remaining 
distance s – s’ (See Figure 2.4.)  

 

Figure 2.4 Illustrating the terms in equation (2.14). 

Under local thermodynamic equilibrium (LTE) conditions (see Section 1.2), in the 
absence of scattering, the source function equals the blackbody spectral radiance, i.e. the 
Planck function (1.2). This can be shown by using Kirchhoff’s law (see Section 1.1), which 
holds under LTE conditions, as follows. The radiance emitted from a mass ρads of gas in 
the beam is kνρadsJν and the radiance absorbed is kνρadsLν; cf. equation (2.9). Hence the 
spectral emittance, the ratio of the emitted radiance to the radiance emitted by a black body, 
is εν = kνρadsJν/Bν . The spectral absorptance, the fraction of incident radiance that is 
absorbed, is αν = kνρadsLν/Lν = kνρads, neglecting scattering. However, Kirchhoff’s law states 
that εν = αν and hence Jν = Bν . 

2.3 The diffuse approximation 

In radiative calculations we can often assume that the properties of the atmosphere and 
the radiation depend only on the vertical coordinate z [An important exception is when 
horizontal inhomogeneities due to clouds are present.]. This is the plane-parallel 
atmosphere assumption and we shall make it from now on. The net irradiance (taking 
account of photons moving in opposite directions) is then vertical and equal to Fz(z), as 
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defined in Section 2.1. Calculation of the upward and downward irradiances involves the 
integration, over the solid angle, of radiances such as that in equation (2.13), with the 
direction vector s re-inserted. This integration, though conceptually straightforward, is quite 
complicated in practice. However, a simple and surprisingly accurate alternative is to use 
the diffuse approximation. This states that we can replace the radiative-transfer equation 
(2.11), for calculating the spectral radiances Lν along a set of slanting downward paths (with 
Jν = Bν , assuming LTE conditions), by the single equation 

t�4↓

t|4∗
+ 𝐹$↓ = 𝜋𝐵$       (2.15) 

for the downward spectral irradiance 𝐹$↓ along a vertical path, where 

𝜒$∗ ≈ 1.66𝜒$.       (2.16) 

The quantity χν is the optical path measured downwards from the top of the atmosphere and 
is called the optical depth; see equation (6.2). The quantity 𝜒$∗ is a scaled optical depth. 
The factor π on the right-hand side of equation (2.15) arises from the calculation of the 
blackbody irradiance, as in equation (2.5). A similar equation, but with a change in sign of 
𝜒$∗, holds for the upward spectral irradiance; see equation (7.18a). 
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3. Basic spectroscopy of molecules 

3.1 Vibrational and rotational states 

It was mentioned in Section 1.1 that the absorption and emission of thermal photons 
depend on energy differences between vibrationally or rotationally excited states of 
atmospheric molecules. The detailed spectroscopy of atmospheric molecules is a highly 
complex subject, well beyond the scope of this course. However, the basic principles are 
comparatively simple and will be sketched out in this section. As an illustration, we consider 
the vibrational and rotational states of a diatomic molecule, composed of an atom of mass 
m1 and an atom of mass m2; see Figure 3.1. 

 

Figure 3.1 A simple representation of a diatomic molecule, composed of atoms of masses m1 and m2, 

separated by a distance x.  

The classical picture of the vibration of this molecule assumes that the atoms are bound 
by a light ‘spring’, of spring constant K, that resists deviations of the distance x between the 
atoms from its equilibrium value, x0 say. It is a straightforward exercise in classical 
mechanics to show that the frequency of oscillation of the system is ν0, given by 

2𝜋𝜈L = � �
��
�
:/>

,					where					𝑚� =
�R�?
�R��?

.      (3.1) 

The quantity mr is called the reduced mass. The quantum-mechanical theory of the 
harmonic oscillator requires that we insert the potential function 

𝑉(𝑥) = :
>
𝐾(𝑥 − 𝑥L)>,       (3.2) 

for this system into Schrodinger’s equation; there results an infinite set of energy levels, 
given by 

𝐸� = ℎ𝜈L �𝑣 +
:
>
� ,						where			𝜐 = 	0,1,2, …    (3.3) 

Here 𝜐	is the vibrational quantum number and takes integer values. The levels are non-
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degenerate; that is, there is only one state corresponding to each energy value 𝐸¢. 

The absorption and emission of photons occurs when there is a time-dependent 
interaction between a molecule and an electromagnetic field, described quantum-
mechanically by an interaction Hamiltonian. For the strongest vibrational interactions this 
Hamiltonian takes the form −p · E(t), where p is the electric dipole moment of the molecule 
and E is the electric field in the neighborhood of the molecule. For such a ‘dipole transition’ 
to occur, the dipole moment must change between the initial and final state. The quantum-
mechanical selection rule for a diatomic molecule states that, in a dipole transition from 
one vibrational state to another, v can only increase or decrease by unity (Δv = ±1), 
corresponding to an energy change ΔE = ±hν0.  

We now consider the rotation of the same diatomic molecule, ignoring vibrations so 
that x = x0. Classically, the molecule has a moment of inertia I = mrx0 and can rotate with 
any angular momentum. The quantum-mechanical analysis of the system is similar to that 
for the angular structure of the hydrogen atom, for example. It is found that the only allowed 

values of the squared angular momentum are ℎ£>𝐽(𝐽 + 1)  where J is an integer, the 
rotational quantum number, and ℎ£ = ℎ/(2𝜋). The corresponding energy levels are given 
by 

 𝐸¤ =
:
>¥
𝐽(𝐽 + 1)ℎ£>,					𝑤ℎ𝑒𝑟𝑒								𝐽 = 0,1,2, … ;	    (3.4) 

these levels are degenerate, with 2J + 1 states corresponding to each energy value EJ . 
Rotational dipole transitions can occur only if the molecule has a nonzero permanent electric 
dipole moment. The selection rule in this case is ΔJ = ±1.  

Equations (3.3) and (3.4) illustrate the fact that, when quantum mechanics is taken into 
account, only discrete (quantized) energy levels are allowed for vibrational and rotational 
states of the simple diatomic molecule. Furthermore, transitions between these quantized 
levels, associated with absorption or emission of photons, must lead to energy differences 
ΔE and hence photon frequencies ν = ΔE/h that are also discrete in nature. 

The treatment of molecules with more than two atoms is more complex; however, for 
future reference we mention that the vibrational normal modes of linear, symmetric 
triatomic molecules (such as carbon dioxide) and certain triatomic molecules that are not 
linear (such as water vapor and ozone) take fairly simple forms, as illustrated in Figure 3.2. 
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These normal modes are designated by the labels ν1, ν2 and ν3, as shown, and corresponding 
vibrational quantum numbers υ1, υ2 and υ3 are used to represent the different excitations of 
each mode.  

Wavelengths hc/ΔEv associated with transitions between pure vibrational states are 
typically between about 1 and 20 μm and hence mostly in the thermal infrared. Wavelengths 

hc/ΔEJ associated with transitions between pure rotational states would be of order 102–
104 μm, in the far infrared and microwave regions. In general, however, both vibrational 
and rotational energies change during a transition. The fact that the rotational energy 
differences are so much smaller than the vibrational energy differences means that, in terms 
of atmospheric spectra, rotational effects lead to ‘fine-structure splitting’ of vibrational 
spectral lines. Transitions from rotational sub-levels of one vibrational level to rotational 
sub-levels of another vibrational level therefore give rise to complex vibration–rotation 
spectral bands in the infrared. 

 

Figure 3.2 Schematic illustration of vibrational normal modes of triatomic molecules. (a) A linear 

triatomic molecule such as CO2, showing the symmetric ν1 and ν2 modes and the asymmetric ν3 mode. 

(Note that two independent forms of the ν2 mode occur, one with displacements in the plane of the 

paper, as shown, and one with displacements perpendicular to the plane of the paper.) (b) A nonlinear 

triatomic molecule such as H2O. 
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A very important consequence of the results stated above is that dipole transitions 
cannot occur for diatomic molecules with identical nuclei, such as the two most prevalent 
atmospheric gases N2 and O2. Symmetric molecules of this type have zero dipole moments 
and hence cannot interact directly with thermal infrared radiation, through either vibrational 
or rotational transitions. The same is true of transitions involving only excitations of the 
‘symmetric stretch’ ν1 mode of CO2 [see Figure 3.2(a)], which also has a zero dipole 
moment. However, transitions involving triatomic modes such as the others illustrated in 
Figure 3.2 do lead to changes in electric dipole moment and can therefore interact strongly 
with thermal infrared radiation, subject to appropriate selection rules. This explains why the 
major species N2 and O2 are effectively transparent to thermal infrared radiation, and why 
minor species [Minor species are gases that are present in much smaller quantities than 
molecular nitrogen (N2) and molecular oxygen (O2)] such as CO2, H2O and O3 act as 
‘greenhouse gases’ and play a dominant role in the Earth’s radiation balance and hence in 
determining the climate. 

 

Figure 3.3 Schematic energy diagram for a diatomic molecule. See text for details. 

Wavelengths associated with transitions between electronically excited states are 
generally less than 1 μm and lie in the ultraviolet and visible region. Thus, in the case of 
solar photons, we must also consider the electronically excited states of molecules. This 
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again is a complex subject, but it can be described qualitatively in the case of a diatomic 
molecule, by using an energy diagram, such as Figure 3.3. The lower curved line shows the 
potential energy of the ground state versus the internuclear distance. It takes the form of a 
potential well resulting from electric repulsion at short distances and attraction at larger 
distances. The potential energy becomes constant at large enough distances, corresponding 
to dissociation of the molecule AB into two ground-state atoms, A and B. Within the 
potential well there are a number of vibrational energy levels, denoted by the equispaced 
horizontal lines. [Near the bottom of the well, the potential energy varies approximately 
quadratically with distance, so that the simple theory leading to equation (3.3) applies there.] 
A similar potential well applies to the first electronically excited state; however, in this case 
dissociation leads to one ground-state atom (A say) and one electronically excited atom (B∗ 
say). 

Several transitions are shown in Figure 3.3 by vertical arrows. These are (1) the 
absorption of a photon, giving rise to an infrared transition from one vibrational level to 
another vibrational level in the ground-state molecule; (2) photo-dissociation to two ground-
state atoms; (3) absorption giving rise to a transition from a vibrational level of the ground 
state to a vibrational level in the excited state; and (4) photo-dissociation to one ground-
state atom whereas (2) and (4) lead to continuous energy changes. 

3.2 Line shapes 

In this section we again neglect scattering, so that only absorption contributes to the 
extinction coefficient kν , defined in Section 2.2. The implication of the simple pictures of 
vibrational and rotational transitions given in the previous section is that kν can generally be 
expected to vanish, except at certain discrete frequencies νn associated with transitions, for 
which kν is large; these frequencies correspond to spectral lines. This suggests a model  

𝑘$ = ∑ 𝑆Q𝛿(𝜈 − 𝜈Q)Q ,	      (3.5) 

where the Sn are constants, called the line strengths, and δ(·) is the Dirac delta function. 
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Figure 3.4 A schematic diagram of some broadened spectral lines centered at four frequencies, ν1, ν2, ν3 

and ν4. Unbroadened lines would consist of sharp peaks at these frequencies, as indicated by the 

vertical lines. 

However, this model of sharp, delta-function, peaks in the extinction coefficient is an 
idealization. In practice several physical effects lead to a broadening of the sharp peaks (see 
Figure 3.4), so that equation (3.5) is replaced by 

𝑘$ = ∑ 𝑆Q𝑓Q(𝜈 − 𝜈Q)Q ,      (3.6) 

where the fn are line-shape functions, each normalized such that 

∫ 𝑓Q(𝜈 − 𝜈Q)𝑑𝜈
K
9K = 1.	      (3.7) 

There are two main cases. 

(a) Collisional or natural broadening 

The energy levels have finite lifetimes for one of two reasons: 

• There is a collisional lifetime τc (see Section 1.2); 

• Excited states have a natural lifetime τn with respect to spontaneous decay.  

The finite lifetimes imply that the energy levels are not precisely defined, but rather have a 

spread of values of order ℎ£/𝜏- or ℎ£/𝜏Q, respectively. There is thus a spread of values of 
each ΔE and hence of each transition frequency νn. 
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In the case of collisional broadening we obtain the Lorentz line shape, of the form 

𝑓(𝜈 − 𝜈Q) = �®
*
� :
($9$¯)?�®

?,       (3.8) 

where γL = (2πτc)−1 is the half-width at half maximum of the line. Note that f satisfies 
equation (3.7). The derivation of equation (3.8) is quite complicated; the proof is omitted 
here, but can be found in advanced texts on quantum mechanics or spectroscopy. 

We can get τc and hence γL from kinetic theory, in terms of the mean molecular velocity 
(which is proportional to T1/2), number density (proportional to p/T) and collision cross-
section, giving the following temperature and pressure dependence of γL: 

𝛾u ∝ 𝑝𝑇9:/>.        (3.9) 

A similar calculation applies to natural broadening, but in this case γL = (2πτn)−1. In the 
infrared, the corresponding line width is much less than that due to collisional broadening 
and than that due to the Doppler broadening discussed below, so natural broadening can 
usually be neglected. However, natural broadening can be important in the ultraviolet. 

(b) Doppler broadening 

The Doppler shift of a spectral line at a frequency ν = ν0 due to a molecular velocity u 
of the emitter away from the observer is ν − ν0 = (u/c)ν0, assuming that u « c. However, the 
velocities follow the Maxwell–Boltzmann distribution; the probability that the speed of a 
molecule lies between u and u + du is P(u)du, where 

𝑃(𝑢) = � �
>*�6³

�
:/>

𝑒𝑥𝑝 �− �´?

>�6³
�,      (3.10) 

and m is the molecular mass. The spectral line shape, rather than being a delta function, 
becomes the convolution of P(u) with a delta function: 

∫ 𝑃(𝑢)𝛿 �𝜈 − 𝜈L −
´
-
𝜈µ�

K
9K 𝑑𝑢 ∝ 𝑒𝑥𝑝 �−�-?($9${)?

>�6³${?
�.     (3.11) 

We then get the Doppler line shape 

𝑘$ =
¶

·√*
𝑒𝑥𝑝 �− ($9${)?

·
? �,      (3.12) 

on normalizing such that S = ∫ 𝑘$𝑑𝜈
K
9K , where 
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𝛾º =
${
-
�>�6³

�
�
:/>

.      (3.13) 

The half-width at half maximum is γD(ln 2)1/2, and is proportional to T1/2 but independent of 
p. 

The Lorentz and Doppler line shapes are shown in Figure 3.5; also shown is the Voigt 
line shape, which applies when both collisional and Doppler broadening are important. The 
fact that γL is proportional to pressure [see equation (3.9)] means that collisional broadening 
dominates at low altitudes (<30 km), in the infrared. Higher up, Doppler broadening 
becomes significant in the visible and ultraviolet. 

 

Figure 3.5 Illustrating the Lorentz (solid), Doppler (dashed) and Voigt (dotted) line shapes as a function 

of x = (ν − ν0)/α, where α is the half-width at half maximum appropriate for each shape. The curves 

are normalized such that the area under each is the same. 
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4. Transmittance 

An important quantity that arises in the solution of the radiative-transfer equation in 
Section 2.2 and the calculation of heating rates in Chapter 6 is the fraction of the spectral 
radiance leaving one point that arrives at another point. This fraction is represented by the 
transmittance or transmission function. For a parallel beam leaving point s1 and arriving 
at point s2 (or vice versa), the spectral transmittance is 

𝒯$(𝑠:, 𝑠>) = 𝑒𝑥𝑝 �− ¼∫ 𝑘$(𝑠)𝜌q(𝑠)𝑑𝑠
v?
vR

¼� = 𝑒𝑥𝑝[−|𝜒$(𝑠>) − 𝜒$(𝑠:)|];    (4.1) 

cf. equations (2.10) and (2.13). The modulus signs express the fact that the fraction is 
independent of whether the radiation goes from s1 to s2 or from s2 to s1 and ensure that the 
fraction is ≤1. If scattering is neglected, the extinction coefficient kν depends on s through 
its temperature and pressure dependences. However, if the variation of kν along the path can 
be ignored, such as, for example, for measurements under laboratory conditions at fixed p 
and T, then equation (4.1) gives 

 𝒯$(𝑠:, 𝑠>) = 𝑒𝑥𝑝[−𝑘$(𝑝, 𝑇)𝑢q(𝑠:, 𝑠>)],      (4.2) 

where 

𝑢q(𝑠:, 𝑠>) = ¼∫ 𝜌q(𝑠)𝑑𝑠
v?
vR

¼.           (4.3) 

Here ua is the mass of absorber gas, per unit transverse cross-sectional area, in the path. If 
the absorber density is also constant along the path, then ua = ρal, where l is the length of 
the path. 

Figure 4.1 shows examples of the transmittance 𝒯$ as a function of ν for three values of 
q = uaS/(γLπ) for a Lorentz line at fixed p and T. Also indicated is the absorptance 𝒜ν = 
1−𝒯$ . Note that, for large amounts of absorber (q » 1, solid curve) the transmittance is 
effectively zero near the line center, whereas for small amounts of absorber (q « 1, dotted 
curve) the transmittance is close to 1 for all frequencies.  

It is often useful to average the transmittance over a spectral band of width Δνr, say, 
perhaps containing many spectral lines, to get the band transmittance 

𝒯À� =
:
∆$�

∫ 𝒯$Â$�
𝑑𝜈.       (4.4) 
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Two other useful quantities are the band absorptance 

𝒜�ÀÀÀÀ = 1 − 𝒯À�,        (4.5) 

and the equivalent width or integrated absorptance 

𝑊� = ∫ (1 − 𝒯$)𝑑𝜈Â$�
= Δ𝜈�(1 − 𝒯À�) = Δ𝜈�𝐴�ÀÀÀ.     (4.6) 

If the integration is over a single broadened spectral line, then Wr represents the width of a 
rectangular line shape within which total absorption takes place, which has the same area as 
the actual line. 

 

Figure 4.1 The transmittance 𝒯$  and absorptance 𝒜ν as functions of x = (ν − ν0)/γL for a Lorentz line, 

for three values of the quantity q = uaS/(γLπ): q = 10, solid curve; q = 1, dashed curve; and q = 0.1, 

dotted curve. 

Note that, for small amounts of absorber (again at fixed p and T along the path), we 

have 𝒯$ = 𝑒9�4´� ≈ 1 − 𝑘$𝑢q, so that 

𝑊� ≈ ∫ 𝑘$𝑢q𝑑𝜈∆$�
= 𝑆𝑢q,       (4.7) 

using S = ∫ 𝑘$𝑑𝜈Â$�
. This is called the weak-line approximation. At the opposite extreme, 

for large amounts of absorber, the equivalent width can be calculated explicitly for a single 
Lorentz or Doppler line shape, assuming that kν is constant, to obtain the strong-line 
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approximations W ≈ 2(𝑆𝑢q𝛾u):/>  for a Lorentz line and W ≈ 2𝛾º .𝑙𝑛 2
¶´�

�·√*�
8;

R
?
	for a 

Doppler line. 
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5. Absorption by atmospheric gases 

5.1 The solar spectrum 

 

Figure 5.1 The irradiance spectrum of solar radiation at the top of the atmosphere (solid line) and at sea 

level (shaded), compared with the blackbody irradiance spectrum (dashed line), given by Bλ(T) times 

the solid angle subtended by the Sun, for T = 6000 K. Gases responsible for the most prominent 

absorption features are indicated. The approximate wavelength regions of ultraviolet, visible and near 

infrared radiation are also shown.  

Figure 5.1 shows the spectral irradiance of solar radiation at the top of the atmosphere 
(TOA) and at sea level, compared with the blackbody spectral irradiance at a typical solar 
photospheric temperature of 6000 K. It is seen that the TOA irradiance is fairly close to this 
blackbody irradiance at most wavelengths. However, absorption and scattering in the 
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irradiance, with especially large deviations (apparent in the sharp dips in the sea-level curve) 
at certain wavelengths, which are identified with particular absorbing gases, notably ozone 
(O3) in the ultraviolet and visible, and carbon dioxide (CO2) and water vapor (H2O) in the 
infrared. (The ‘red bands’ of O2, on the boundary between the visible and the infrared, are 
associated with electronic transitions.) We investigate atmospheric absorption in more detail 
in the next two sections. 

5.2 Infrared absorption 

 

Figure 5.2 Infrared absorption spectra for six strongly absorbing gases and for the six gases combined, 

for a vertical beam passing through the atmosphere, in the absence of clouds.  

The absorption of infrared radiation by the six most significant gaseous absorbers is 
conveniently summarized in Figure 5.2. This figure shows the transmittance for a vertical 
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beam passing through the whole atmosphere, as a function of wavelength. The gases shown 
are all minor constituents, and all but ozone (O3) are concentrated mainly in the troposphere. 
(As mentioned in Section 3.1, the major constituents, N2 and O2, are not strongly radiatively 
active in the infrared.) Since, on the scale of the diagram, much of the fine structure 
associated with individual spectral lines is not shown, the diagram can be regarded as plots 

of the band transmittance 𝒯À� (equal to 1 − �̅��, where �̅�� is the band absorptance) between 
the top of the atmosphere and the ground, corresponding to band widths Δνr associated with 

wavelength differences ∼ 0.1 μm.  

The bottom panel of Figure 5.2 shows the total longwave absorptance due to all gases. 
There is a broad region from about 8 to 13 μm, called the atmospheric window, within 
which absorption is weak, except for a band near 9.6 μm associated with O3. Water vapor 
(H2O) absorbs strongly over a wide band of wavelengths near 6.3 μm (associated with 
transitions involving the ν2 vibrational mode: see Figure 3.2) and over a narrower band near 
2.7 μm (associated with the ν1 and ν3 vibrational modes). At longer wavelengths, especially 
beyond 16 μm, rotational transitions of H2O become important, leading to strong absorption. 

Carbon dioxide (CO2) is a strong absorber in a broad band near 15 μm, associated with 
the vibrational ν2 ‘bending’ mode, and in a narrower band near 4.3 μm, associated with the 
ν3 ‘asymmetric stretching’ mode. (The band near 2.7 μm has a more complex origin.) Ozone 
(O3) absorbs strongly near 9.6 μm (associated with the ν1 and ν3 vibrational modes), in the 
atmospheric window. Since the other gases do not absorb significantly in this spectral region, 
ozone (which is mainly concentrated in the stratosphere) can therefore exchange radiation 
with the lower atmosphere; see Section 6.4. 

Figure 5.2 gives information on the absorption of infrared radiation over the total depth 
of the atmosphere, but not directly about the way in which the absorption varies with altitude. 
Moreover, it must be remembered that atmospheric gases also emit infrared radiation and 
that this emission also varies with altitude. The vertical profiles of the absorption and 
emission are required in the calculation of the resulting heating and cooling; this is discussed 
in Section 6.3.  

5.3 Ultraviolet absorption 

In the ultra-violet, the main absorbers are molecular oxygen (O2) and ozone. Absorption 
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at these wavelengths is often depicted in terms of the absorption cross-section σν , which 
is equal to the absorption coefficient aν times the molecular mass. Unlike in the infrared, we 
must take account of electronic transitions, as well as vibrational and rotational transitions, 
when considering absorption at discrete wavelengths; moreover, photo-dissociation and 
photo-ionization (see Section 1.1) lead to important continuum absorption, i.e. absorption 
over a continuous range of wavelengths, rather than at discrete wavelengths.  

 

Figure 5.3 General shape of the absorption cross-section as a function of wavelength for O2. 

The absorption cross-section for O2 (Figure 5.3) has large values due to ionization at 
wavelengths below 100 nm; in the range 100–130 nm there are irregular bands of unknown 
origin. The Schumann–Runge continuum, in the range 130–175 nm, is due to the 
dissociation O2 →O(3P) + O(1D), in which one oxygen atom remains in the ground ‘triplet-
P’ state and the other goes to the excited ‘singlet-D’ state. The Schumann–Runge bands, in 
the range 175–200 nm, are associated with an electronic transition and superimposed 
vibrational transitions. The Herzberg continuum is found in the range 200–242 nm. At 242 
nm dissociation into two ground-state oxygen atoms occurs; although this is an insignificant 
absorption feature, it is very important in the formation of ozone. A further electronic 
transition gives rise to the weak Herzberg bands in the range 242–260 nm.  

The ozone absorption cross-section (Figure 5.4) exhibits two continua in the ultraviolet 
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and also one in the visible and near infrared, all due to photo-dissociation: the Hartley band 
in the range 200–310 nm, the Huggins bands in the range 310–350 nm and (in the visible 
and near infrared) the Chappuis bands in the range 400–850 nm. Although the absorption 
cross-section for the Chappuis bands is much smaller than those for the Hartley and Huggins 
bands, the Chappuis bands are important since they occur near the peak of the solar spectrum 
and absorb in the troposphere and lower stratosphere. (The absorption features due to the 
Hartley, Huggins and Chappuis bands are indicated by the O3 symbols in Figure 5.1.) 
Shorter-wavelength (more energetic) radiation is almost absent at these levels, since it is 
mostly absorbed higher up. This is demonstrated by Figure 5.5, which shows the altitude of 
unit optical depth (the peak of the Chapman layer in absorption; see Figure 6.1) as a function 
of wavelength. 

The heating of the atmosphere due to absorption of ultra-violet radiation is discussed 
in Section 6.2. In contrast to the infrared, there is no significant emission from atmospheric 
gases in the ultraviolet, since the blackbody spectral radiance at terrestrial temperatures is 
so small there. 

 
Figure 5.4 The absorption cross-section as a function of wavelength for O3. Details of the fine structure 

of the Huggins band have been suppressed. In the Huggins band the solid line corresponds to a 

temperature of 203 K and the dashed line to a temperature of 273 K. 
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Figure 5.5 The altitude of unit optical depth for vertical solar radiation. The principal absorption bands 

are shown.  

  



32 
 

6. Heating rates 

6.1 Basic ideas 

One of the main goals of radiative calculations is to obtain radiative-heating rates 
throughout the atmosphere. For this one requires knowledge of the heating due to absorption 
of solar (shortwave) photons and the heating and cooling due to absorption and emission of 
thermal (longwave) photons. In this section we consider some basic ideas; these are applied 
to solar and thermal radiation in later sections. 

Consider a horizontal slab of atmosphere, of horizontal area A, at height z and of 
thickness Δz, and make the plane-parallel atmosphere assumption. The net upward power 
entering the bottom of the slab is AFz(z) and the net upward power emerging at the top is 
AFz(z +Δz). The loss of radiative power within the volume AΔz of the slab is therefore A 
[Fz(z) − Fz(z + Δz)] ≈ −(AΔz) dFz/dz. This loss of radiative power implies that radiative 
diabatic heating of the slab is occurring at a rate of −dFz/dz per unit volume or  

𝑄 = − :
�(e)

t�Ê
te

,          (6.1) 

per unit mass, where ρ is the density of air. The units of Q are W kg−1; often the quantity 
Q/cp arises in calculations of the dynamical effects of radiative heating, where cp is the 
specific heat capacity at constant pressure, and this quantity has units K s−1. Since F↑ and 
F↓ both involve integration of spectral irradiances over frequency, Fz (= F↑ − F↓) and Q also 
comprise contributions from different frequency bands.  

6.2 Shortwave heating 

Consider the diabatic heating rate per unit volume, ρ𝑄�¶Ë , produced by absorption of 
shortwave solar radiation of frequency ν by a gas of density ρa(z) and extinction coefficient 
kν (z); scattering will be neglected. Assuming that the Sun is directly overhead, the 
appropriate optical path for each frequency is the optical depth, measured vertically 
downwards from the top of the atmosphere (taken to be z=∞),  

𝜒$(𝑧) = ∫ 𝑘$(𝑧y)𝜌q(𝑧y)𝑑𝑧′
K
e .       (6.2) 
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(For the direct solar beam we do not integrate over solid angle, so the diffuse approximation 
of Section 2.3 is not made.) By analogy with the second term of equation (2.13), the 
downward irradiance of the solar radiation is given by  

𝐹$↓(𝑧) = 𝐹$K↓ 𝑒9|4(e),        (6.3) 

where 𝐹�K↓  is the downward solar irradiance at the top of the atmosphere and the exponential 
term 𝑒9|4(e) equals the transmittance 𝒯$(z,∞) between the top of the atmosphere and height 
z. Since scattering is neglected, the upward solar irradiance 𝐹$↑ must be zero and the net 
vertical irradiance at frequency ν is 

𝐹e$(𝑧) = −𝐹$K↓ 𝑒9|4(e),          (6.4) 

The contribution to the heating rate per unit volume from this frequency is therefore 

𝜌𝑄$¶Ë = t
te
�𝐹$K↓ 𝑒9|4(e)� = 𝐹$K↓ �− t|4

te
� 𝑒9|4(e) = 𝐹$K↓ 𝑘$(𝑧)𝜌q(𝑧)𝑒9|4(e).   (6.5) 

Suppose now that the extinction coefficient kν is independent of z and that the density of the 
absorber decays exponentially with height, ρa(z) = ρa(0)e−z/Ha, where Ha is constant. Then 
the integral in equation (6.2) can be evaluated explicitly, giving 

𝜒$(𝑧) = 𝐻q𝑘$𝜌q(0)𝑒
9 Ê
Î� = 𝜒$(0)𝑒

9 Ê
Î�;      (6.6) 

this shows how the optical depth increases as the solar radiation penetrates downwards, i.e. 
as z decreases. Substitution into equation (6.4) then gives the vertical irradiance 

𝐹e$ = −𝐹�K↓ 𝑒𝑥𝑝Ï−𝜒$(0)𝑒9e/Ð�Ñ,      (6.7) 

and differentiation gives the monochromatic volume heating rate, 

𝜌𝑄$¶Ë(𝑧) = 𝐹�K↓ 𝑘$𝜌q(0)exp �−
e
Ð�
− 𝜒$(0)𝑒9e/Ð��.    (6.8) 

Figure 6.1 shows the variation of the optical depth χν , the vertical irradiance Fzν and the 
volume heating rate ρ𝑄$¶Ë , as functions of height in this simple example; note that the 
volume heating rate has a broad single peak. Differentiation of equation (6.8) with respect 

to z shows that ρ𝑄$¶Ë	has a maximum at the height where χν (z) = 1, that is, the height where 
the optical depth at frequency ν equals unity. (We assume that the absorber is sufficiently 
‘optically thick’ for this level to occur above the ground.) 
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Figure 6.1 Vertical profiles of the short-wave volume heating rate, ρ𝑄$¶Ë(z) (solid line), the negative of 
the vertical irradiance, −Fzν (z) (dashed line) and the absorber density ρa(z) (dotted line), for solar 
radiation at frequency ν in the simple example described in the text. The horizontal scales are arbitrary. 
The left-hand ordinate shows the height z, divided by Ha; the right-hand ordinate shows the optical 
depth, χν (z). The optical depth of the ground z = 0 at frequency ν is arbitrarily chosen to be 3. The 
Sun is taken to be overhead. The absorber gas has a constant extinction coefficient and an 
exponentially decaying density ρa ∝ exp(−z/Ha). Note that, in this example, the optical depth has the 
same exponential variation as the absorber density. 

A vertical structure of the type given by equation (6.8) is said to exhibit a Chapman 
layer. The peaked shape of the Chapman layer in the heating rate can be interpreted as 
follows. At high levels, above the peak, there is a large vertical irradiance (since little 
absorption of the solar beam has yet occurred), but few absorber molecules; at low levels, 
below the peak, there is a small vertical irradiance (since much absorption has occurred) but 
many absorber molecules. In each case the heating rate is small. However, near the level of 
unit optical depth both the irradiance and the absorber density are significant and so the 
heating rate is comparatively large. Chapman layers also occur in other processes 
determined primarily by the absorption of radiation; an example is the photo-dissociation 
that contributes to the formation of the ‘ozone layer’. 

6.3 Longwave heating and cooling 
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We now consider the effects of thermal (longwave) photons, allowing for both 
downward and upward paths. It can be shown, by solving the radiative transfer equation and 
integrating over solid angle, that the upward thermal irradiance at frequency ν and height z 
is 

𝐹$↑(𝑧) = 𝜋 ∫ 𝐵$(𝑧y)
Ô𝒯4∗�e},e�

Ôe}
𝑑𝑧′e

L + 𝜋𝐵$(0)𝒯$∗(0, 𝑧).    (6.9) 

Here 𝒯$∗(𝑧y, 𝑧) is the spectral transmittance, averaged over the upward hemisphere to take 
account of all slanting paths between heights z’ and z, and Bν(0) is the Planck function 
evaluated at the temperature of the Earth’s surface. The assumption of LTE has been made, 
so that the source function Jν = Bν , and the Earth’s surface has been assumed to radiate as 
a black body. Similarly, the downward irradiance is 

𝐹$↓ = −𝜋 ∫ 𝐵$(𝑧y)
Ô𝒯4∗�e},e�

Ôe}
K
e 𝑑𝑧′;      (6.10) 

there is no ‘boundary’ term here since the downward thermal irradiance at the top of the 
atmosphere is zero. 

The net upward longwave spectral irradiance is 𝐹e$(𝑧) = 𝐹$↑(𝑧) − 𝐹$↓(𝑧) and from this 
the net longwave diabatic heating rate per unit mass, 𝑄$ÕÖ, can be calculated using equation 
(6.1). The resulting expression for 𝑄$ÕÖ  is quite complicated, but has a simple physical 
interpretation: namely, the net heating or cooling at a given level is due to the difference 
between the energy gained per unit time by absorption of photons from neighboring levels 
and the Earth’s surface, and the energy lost per unit time by emission of photons to 
neighboring levels, the Earth’s surface and space. 

These heating and cooling terms can also be obtained directly. Consider for example 
the rate of loss of energy by a horizontal slab of atmosphere of thickness Δz and horizontal 
area A at height z by emission of photons to space – the cooling-to-space term. The 
derivation of the radiative-transfer equation (2.9) shows that the spectral power emitted in 
a vertical direction from this slab is kνρaJνAΔz, where Jν is the source function, equal to Bν 
under LTE, as above. The fraction of this power that escapes to space is given by the 

transmittance 𝒯$(𝑧,∞) = 𝑒𝑥𝑝�−∫ 𝑘$𝜌q𝑑𝑧′
K
e �. Noting that 

Ô𝒯4(e,K)
Ôe

= 𝑘$(𝑧)𝜌q(𝑧)𝒯$(𝑧,∞),     (6.11) 
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we find that the power escaping to space from the slab in a purely vertical beam is 

𝐵$(𝑧)
Ô𝒯4(e,K)

Ôe
𝐴∆𝑧.        (6.12) 

Now, integrating over all slanting paths as above and replacing 𝒯$  by 𝒯$∗ , we obtain a 
contribution to the heating rate per unit mass 

𝑄$-Øv(𝑧) = −*\4(e)
�(e)

Ô𝒯4∗(e,K)
Ôe

.       (6.13) 

The factor π in this equation comes from integration over the upward hemisphere and the 
minus sign from the fact that the power loss to space implies a negative heating at height z. 
The other contributions to the heating rate at height z can be calculated in similar, but more 
complicated, ways; these must include the heating of the slab due to absorption of photons 
emitted at other levels. A useful simplification for some purposes is the cooling to-space 
approximation, in which the loss of photon energy to space dominates the other 

contributions; therefore, under this approximation, 𝑄$uË ≈ 𝑄$-Øv. 

All gases that absorb and emit at frequency ν must in principle be included in 𝒯$∗. Then 
𝑄$uË(𝑧) must be integrated over all relevant frequencies to obtain the total longwave cooling 
QLW(z). 

6.4 Net radiative heating rates 

The shortwave and longwave contributions to the diabatic heating rate Q can be 
computed using the principles described in the two previous sections, together with 
information on the atmospheric temperature structure and the concentration and 
spectroscopic characteristics of absorber gases. In this section we summarize the basic 
results of such computations. 

Figure 6.2 shows the vertical profiles of the global-mean shortwave heating rate Qsw/cp 
and the longwave cooling rate −Qlw/cp, in convenient units of K day−1. The corresponding 
profiles of heating and cooling due to the most important atmospheric gases are also shown. 

It is clear that the total heating is approximately equal to the total cooling over much of 
the profile, except in the troposphere and above about 90 km. In the global mean, the middle 
atmosphere is therefore close to being in radiative equilibrium. 
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Figure 6.2 Global-mean vertical profiles of the shortwave heating rate and the longwave cooling rate, in 

K day−1, including contributions from individual gases. 

Below 80 km the shortwave heating rate is dominated by a Chapman-layer-like 
structure, centered near 50 km, due to absorption of solar radiation by ozone. The peak of 
the heating rate, at over 10 Kday−1, lies above the maxima both in the ozone density (near 
22 km) and in the ozone mixing ratio (near 37 km). (The fact that this peak is above the 
maximum ozone density is consistent with Figure 6.1 and is explained qualitatively by the 
argument at the end of Section 6.2.) Below 15 km, in the troposphere, the main contribution 
to the heating rate is from water vapor, at about 1 K day−1. Heating due to absorption by 
ozone and molecular oxygen is important between 80 and 100 km. 

The peak in longwave cooling near 50 km has significant contributions due to carbon 
dioxide and ozone, both cooling to space. The dominant wavelength bands involved are 15 
μm for CO2 and 9.6 μm for O3. A small amount of longwave heating appears near 20 km, 
in the lower stratosphere, because of absorption by ozone of upwelling radiation from the 
troposphere at wavelengths near 9.6 μm, in the atmospheric window. Tropospheric cooling 
is dominated by water vapor, at about 2 K day−1. 

Figure 6.2 omits complications due to clouds and aerosols. Furthermore, the 
approximate radiative equilibrium in the global mean does not apply to individual latitudes 
and seasons. For example, in the winter stratosphere and the summer upper mesosphere 
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there are big differences between Qsw and −Qlw. In such regions dynamical heat transport is 
also significant. 

It must be emphasized that the net radiative heating rate Q = Qsw + Qlw should not be 
thought of as a pre-ordained heating, to which the atmospheric temperature and wind fields 
respond. One reason is that Q itself depends strongly on the temperature, especially through 
Qlw. A highly simplified, but nevertheless illuminating, model is to regard Q at a point r as 
a function of the local value of T and possibly of other variables. In radiative equilibrium Q 
= 0 by definition. Suppose that the corresponding radiative-equilibrium temperature field is 
Tr(r); then Q(Tr(r)) = 0. If now the temperature deviates slightly from radiative equilibrium, 
T = Tr + δT, say, the net heating rate will also differ from zero: 

𝑄(𝑇� + 𝛿𝑇) ≈ 𝑄(𝑇�) + 𝛿𝑇
ÔÙ
Ô³
|³Ú³� = 𝛿𝑇 ÔÙ

Ô³
|³Ú³� = −𝑐Û

Ü³
Ý�

   (6.14) 

say, since Q(Tr) = 0, where 𝜏� = −𝑐Û�𝜕𝑄/𝜕𝑇|³Ú³��
9:. The net radiative heating rate is 

therefore proportional and opposite in sign to the deviation of the actual temperature from 
the radiative-equilibrium temperature. Equation (6.14) is one form of the Newtonian 
cooling approximation and the coefficient τr (which is positive in practice) is the radiative 
relaxation time. In this simple model (and in more realistic models) there is a kind of 
‘radiative spring’, which tries to pull the temperature towards radiative equilibrium. This 
spring is opposed by other physical processes, especially dynamically induced heat 
transport that drives the atmosphere away from radiative equilibrium and thus forces the net 
radiative heating Q to be non-zero. In this sense we can regard the dynamics as driving the 
net radiative heating, rather than the other way round. 
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7. The greenhouse effect 

It is a basic observational fact that the Earth’s mean surface temperature is about 288 
K. In this chapter we consider whether this can be explained in simple terms, given the input 
of solar radiation and some elementary atmospheric physics. We consider two models; the 
first turns out to be seriously defective, but the second, which includes a simple 
representation of the greenhouse effect, gives a surface temperature in reasonable 
agreement with observations. Both models assume that radiation is the only heat-transfer 
process. To quantify this process we introduce the irradiance, i.e. the power per unit area, 
associated with any given stream of radiation. 

 

Figure 7.1 Illustrating the calculation of the temperature of the Earth, ignoring any absorption of 

radiation by the atmosphere. The parallel arrows indicate solar radiation, confined within a tube of 

cross-sectional area πa2. The radial arrows indicate outgoing thermal radiation from the total surface 

area 4πa2 of the Earth.  

7.1 A model with a non-absorbing atmosphere 

The solar power per unit area at the Earth’s mean distance from the Sun (the total solar 
irradiance, TSI, formerly called the solar constant) is Fs = 1370 Wm−2. The solar beam is 
essentially parallel at the Earth, so the power that is intercepted by the Earth is contained in 
a tube of cross-sectional area πa2, where a is the Earth’s radius; see Figure 7.1. The total 
solar energy received per unit time is therefore Fsπa2. 

We assume that the Earth–atmosphere system has a planetary albedo A equal to 0.3; 
that is, 30% of the incoming solar radiation is reflected back to space without being absorbed: 
this is close to the observed mean value. The Earth therefore reflects 0.3Fsπa2 of the 
incoming solar power back to space. 
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If the Earth is assumed to emit as a black body at a uniform absolute temperature T 
then, by the Stefan–Boltzmann law,  

Power emitted per unit area = σT4,        (7.1)  

where σ is the Stefan–Boltzmann constant. However, power is emitted in all directions from 
a total surface area 4πa2, so the total power emitted is 4πa2σT4. We assume in the present 
model that all of this power is transmitted to space, with none absorbed by the atmosphere. 
Then, assuming that the Earth is in thermal equilibrium, the incoming and outgoing power 
must balance, so 

(1 − A)Fsπa2 = 4πa2σT4.        (7.2) 

On substituting the values of A and Fs into this, we obtain T ≈ 255K. The temperature 
obtained from this calculation is called the effective emitting temperature of the Earth. Its 
value is significantly lower than the observed mean surface temperature of about 288 K. 
The present model is clearly lacking in some vital ingredient; we find that inclusion of the 
radiation-trapping effect of the atmosphere (the ‘greenhouse effect’) leads to a surface 
temperature that is much closer to reality. 

7.2. A simple model of the greenhouse effect  

We now consider the effect of adding a layer of atmosphere, of uniform temperature Ta, 
to the model of section 7.1 and Figure 7.2. The atmosphere is assumed to transmit a fraction 
𝒯sw of any incident solar (shortwave) radiation and a fraction 𝒯lw of any incident thermal 
(infrared, or longwave) radiation (these fractions are called transmittances), and to absorb 
the remainder. We assume that the ground is at temperature Tg. 

Taking account of albedo effects and the difference between the area of the emitting 
surface 4πa2 and the intercepted cross-sectional area πa2 of the solar beam, the mean 
unreflected incoming solar irradiance at the top of the atmosphere is 

𝐹L =
:
M
(1 − 𝐴)𝐹v,       (7.3)  

or about 240 Wm−2 with the given values of A and Fs. Of this, an amount 𝒯swF0 is absorbed 
by the ground and the remainder (1 − 𝒯sw)F0 is absorbed by the atmosphere. 
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Figure 7.2 A simple model of the greenhouse effect. The atmosphere is taken to be a layer at temperature 

Ta and the ground a black body at temperature Tg. Various solar and thermal irradiances are shown.  

The ground is assumed to emit as a black body. By equation (7.1) it therefore emits an 
upward irradiance 𝐹S = 𝜎𝑇SM, of which a proportion 𝒯lwFg reaches the top of the atmosphere, 

the remainder being absorbed by the atmosphere. The atmosphere is not a black body, but 
emits irradiances Fa = (1−𝒯lw)σ𝑇qM both upwards and downwards, as shown in Figure 7.2. 
(By Kirchhoff’s law, the emittance – the ratio of the actual emitted irradiance to the 
irradiance that would be emitted by a black body at the same temperature – equals the 
absorptance 1 − 𝒯lw, see section 1.1) 

We now assume that the system is in radiative equilibrium: that is, energy transfer 
takes place only by the radiative processes described above, and the associated irradiances 
are in balance everywhere; we neglect any energy transfers due to non-radiative processes 
such as fluid motions. Equating irradiances, we have  

F0 = Fa + 𝒯lwFg,        (7.4a) 

above the atmosphere, and  

Fg = Fa + 𝒯swF0,        (7.4b) 

between the atmosphere and the ground. By eliminating Fa from equations (7.4) we obtain 

𝐹S = 𝜎𝑇SM = 𝐹L
:�𝒯ßà
:�𝒯áà

.       (7.5) 

In the absence of an absorbing atmosphere, we would have 𝒯sw = 𝒯lw = 1, so Fg would equal 
F0, giving Tg ≈ 255K. Taking rough values for the Earth’s atmosphere to be 𝒯sw = 0.9 (strong 
transmittance and weak absorption of solar radiation) and 𝒯lw = 0.2 (weak transmittance 
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and strong absorption of thermal radiation), we obtain a surface temperature of Tg ≈ 286K, 
which is quite close to the observed mean value of 288 K. This close agreement is somewhat 
fortuitous, however, since in reality non-radiative processes also contribute significantly to 
the energy balance.  

We can also find the atmospheric emission from equations (7.4): 

𝐹q = (1 − 𝒯ÕÖ)𝜎𝑇qM = 𝐹L
:9𝒯ßà𝒯áà
:�𝒯áà

,       (7.6) 

and this gives the temperature of the model atmosphere, Ta ≈ 245K.  

This model provides a simple example of the greenhouse effect: the raised surface 
temperature is due to the fact that there is less absorption (greater transmittance) for solar 
radiation than there is for thermal radiation. Thus the atmosphere readily transmits solar 
radiation but tends to trap thermal radiation. Atmospheric gases that absorb and emit 
infrared radiation but allow solar radiation to pass through relatively unscathed are called 
greenhouse gases. 

One way to quantify the ‘greenhouse effect’ of an absorbing gas is in terms of the 
amount Fg − F0 by which it reduces the outgoing irradiance from its surface value: in the 
case discussed above this reduction is 140 W m−2. This equals the difference between the 
amount (1 − 𝒯lw)σ𝑇SM= 304 Wm−2 of the thermal emission from the ‘warm’ surface that is 

absorbed by the ‘cool’ atmosphere and the smaller amount Fa = (1 − 𝒯lw)σ𝑇qM=164 Wm−2 
that the atmosphere re-emits upwards. Since the atmosphere is in equilibrium, it also equals 
the difference between the downward emission Fa from the atmosphere and the small 
proportion (1 − 𝒯sw)F0 = 24 Wm−2 of the solar irradiance that it absorbs. 

In this section we introduced some simple ideas concerning the greenhouse effect, by 
which radiation-absorbing gases in the atmosphere raise the surface temperature above the 
value that would occur if they were not present. We considered there a highly idealized 
atmosphere, consisting of a single homogeneous, isothermal layer in radiative equilibrium. 
In the next two sections, we will consider two models of a non-isothermal atmosphere, again 
assuming radiative equilibrium. The first model includes two homogeneous, isothermal 
atmospheric layers: an optically thin stratosphere on top of a troposphere. The second model 
uses some of the physics developed earlier in this chapter to study an inhomogeneous 
atmosphere in which the temperature varies continuously with height. It must be 
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emphasized that these models are still very idealized; in particular they assume that heat 
transfer is by radiative processes only, thereby neglecting the heat transfer by fluid motions 
that was mentioned at the end of the previous section and that is an important feature of the 
real atmosphere. Such heat transfer can be brought about by processes such as convection 
and baroclinic waves and may include latent heat effects. 

7.3. Two-layer atmosphere in radiative equilibrium, including an optically 
thin stratosphere 

This model is an extension of the single-layer model considered in Section 7.2. It 
includes two atmospheric layers: the lower layer, at temperature Ttrop, mimics the 

troposphere, and has transmittances 𝒯lw in the infrared and 𝒯sw in the shortwave region, and 
emittance 1 − 𝒯lw in the infrared, as in Section 7.1. The upper layer, at temperature Tstrat, 
crudely mimics the stratosphere and is assumed to be transparent to solar (shortwave) 
radiation and optically thin in the infrared; its thermal (i.e. infrared or longwave) 
absorptance is taken as ε « 1 [In fact on a global and annual average the stratosphere absorbs 
about 12 Wm−2 of solar radiation and has a mean infrared absorptance of about 0.1]. By 
Kirchhoff’s law the stratospheric infrared emittance is also ε; its infrared transmittance is 1 
− ε. The ground, at temperature Tg, is assumed to emit as a black body, and the whole system 
is assumed to be in radiative equilibrium. 

The unreflected incoming solar irradiance F0 is defined by equation (7.3) and we shall 
again take its value as 240 Wm−2. A useful related quantity is the effective emitting 
temperature of the Earth, defined by 

𝑇â ≡ ��{
J
�
R
ä ≈ 255	𝐾.       (7.7) 

This is the temperature (assumed uniform) of the planet in the absence of an absorbing 
atmosphere, given the observed unreflected solar irradiance F0. 

The model is illustrated in Figure 7.3; balancing the upward and downward irradiances 
above the stratosphere we have 
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Figure 7.3. Two-layer model atmosphere, including an optically thin stratosphere at temperature Tstrat, a 

troposphere at temperature Ttrop and the ground at temperature Tg. See text for further details. 

𝐹L = 𝐹vØ�qØ + (1 − 𝜀)(𝐹Ø�µÛ + 𝒯ÕÖ𝐹S).      (7.8) 

Here 

𝐹vØ�qØ = 𝜎𝜀𝑇vØ�qØM , 	𝐹Ø�µÛ = 𝜎(1 − 𝒯ÕÖ)𝑇Ø�µÛM , 𝐹S = 𝜎𝑇SM,   (7.9) 

are the upward emission from the stratosphere, the troposphere and the ground, respectively, 
and the effects of the non-zero absorptances of each atmospheric layer have been taken into 
account. 

The balance of irradiances between the stratosphere and the troposphere implies 

𝐹L + 𝐹vØ�qØ = 𝐹Ø�µÛ + 𝒯ÕÖ𝐹S;         (7.10) 

eliminating F0 between equations (7.8) and (7.10) therefore gives 

2𝐹vØ�qØ = 𝜀(𝐹Ø�µÛ + 𝒯ÕÖ𝐹S).         (7.11) 

This has a simple physical interpretation: the left-hand side represents the net radiative 
power leaving the stratosphere in the upward and downward directions; in equilibrium this 
must equal the net power absorbed by the stratosphere from the troposphere and the ground, 
as represented by the right-hand side. The solar irradiance does not appear in this equation, 
since it has been assumed to pass through the stratosphere without absorption. 
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Eliminating Ftrop + 𝒯lwFg from equations (7.8) and (7.10) we obtain 

𝐹L − 𝐹vØ�qØ = (1 − 𝜀)(𝐹L + 𝐹vØ�qØ),     (7.12) 

and hence 

𝜎𝜀𝑇vØ�qØM = 𝐹vØ�qØ =
ç�{
>9ç

.        (7.13) 

But since ε « 1, we obtain to a good approximation 

𝜎𝑇vØ�qØM ≈ �{
>

,           (7.14) 

independently of ε, and using equation (7.7) this gives the stratospheric temperature 

𝑇vØ�qØ ≈
³è
>R/ä

= 214	𝐾.       (7.15) 

This value does not depend on the absorptance ε of the stratosphere, provided that it is small, 
nor on the power Ftrop + 𝒯lwFg coming from below, provided that it is non-zero; it depends 
only on the un-reflected solar irradiance F0.  

From equations (7.11) and (7.13) we obtain 

𝐹Ø�µÛ =
>�{
>9ç

− 𝒯ÕÖ𝐹S.       (7.16) 

The balance of irradiances between the troposphere and the ground implies 

𝒯vÖ𝐹L + 𝒯ÕÖ𝐹vØ�qØ + 𝐹Ø�µÛ = 𝐹S;      (7.17) 

using equations (7.13), (7.16) and (7.17) we can obtain expressions for Ftrop and Fg in terms 
of F0. These are similar to equations (7.6) and (7.5), but include small increases of order ε, 
due to the ‘greenhouse effect’ of the optically thin stratosphere.  

𝐹S = 𝜎𝑇SM = 𝐹L
𝒯ßà�

?êë𝒯áà
?ìë

:�𝒯áà
 and 𝐹Ø�µÛ = (1 − 𝒯ÕÖ)𝜎𝑇Ø�µÛM = 𝐹L

>9(>9ç)𝒯ßà𝒯áà9ç𝒯áà
?

(>9ç)(:�𝒯áà)
, 

The resulting tropospheric and surface temperatures (245.9K and 288.4K, respectively) are 
therefore slightly greater than in the absence of the stratosphere. 

7.4. Continuously stratified atmosphere in radiative equilibrium 
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We now consider an atmosphere in radiative equilibrium in which the temperature 
varies continuously with height. Our aim is to solve the radiative-transfer equations, subject 
to appropriate boundary conditions, to find the vertical temperature profile. In the infrared 
we use the diffuse approximation of Section 2.3 and further assume that the atmosphere is 
grey: that is, the extinction coefficient k (and hence the scaled optical depth χ∗ defined by 
equations (6.2) and (2.16)) is independent of frequency [This ‘grey gas’ assumption is 
convenient for some purposes, but it can be seriously misleading for others. Note that Figure 
5.2 implies that the transmittance – which depends on k – varies strongly with frequency for 
the most important infrared-absorbing gases.] We can therefore integrate equation (2.15) 
and the corresponding equation for upward irradiance over frequency to obtain the 
following equations for the spectrally integrated longwave irradiances F↑(χ∗)and F↓(χ∗): 

− t�↑

t|∗
+ 𝐹↑ = 𝜋𝐵(𝑇),         (7.18a) 

t�↓

t|∗
+ 𝐹↓ = 𝜋𝐵(𝑇),         (7.18b) 

Equations (7.18) represent the two-stream approximation; note that B is the spectrally 
integrated Planck function, so that πB(T) = σT4 by equation (2.6), where T is the temperature 

at the level corresponding to the scaled optical depth χ∗. In each of equations (7.18) the first 
term represents the rate of change of the irradiance along the path, the second term 
represents extinction and the term πB on the right-hand side represents emission, which 
contributes equally in both directions; cf. Section 2.2. The minus sign in equation (7.18a) 

appears because χ∗ is an optical depth and decreases along the upward path. 

We again assume that the atmosphere is transparent to shortwave radiation, so there can 
be no shortwave heating (Qsw = 0). Given that the atmosphere is in radiative equilibrium the 
longwave heating Qlw is also zero; see Section 6.4. Hence, by equation (6.1), the net upward 
longwave irradiance Fz is independent of height, so 

𝐹e = 𝐹↑ − 𝐹↓ = constant.     (7.19) 

The constant can be found by considering the boundary condition at the top of the 
atmosphere. Here the scaled optical depth χ∗ = 0 and the downward longwave irradiance 
F↓(0) = 0 also, since the only incoming radiation is shortwave. The net upward longwave 
irradiance here is therefore Fz = F↑(0), which must balance the incoming unreflected 
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shortwave irradiance, which we again take as F0 ≈ 240 Wm−2, as in Section 3.2. Hence 

𝐹e = 𝐹↑ − 𝐹↓ = 𝐹L.        (7.20) 

We now find F↑, F↓ and πB by a series of tricks. We first add equations (7.18a) and (7.18b) 
to get 

− t
t|∗

�𝐹↑ − 𝐹↓� + 𝐹↑ + 𝐹↓ = 2𝜋𝐵(𝑇);      (7.21) 

the derivative vanishes by equation (7.20), so 

𝜋𝐵(𝑇) = :
>
(𝐹↑ + 𝐹↓).       (7.22) 

We next subtract equation (7.18b) from equation (7.18a) and use equation (7.20) to get 

t
t|∗

�𝐹↑ + 𝐹↓� = 𝐹↑ − 𝐹↓ = 𝐹L.     (7.23) 

Since F0 is constant, we can integrate to get 

𝐹↑ + 𝐹↓ = 𝐹L𝜒∗ + constant.         (7.24) 

Again using the upper boundary condition, we see that the constant is F0, so that 

𝐹↑ + 𝐹↓ = 𝐹L(1 + 𝜒∗).       (7.25) 

From equations (7.20) and (7.25) we can then find the upward and downward irradiances in 
terms of F0 and the scaled optical depth, 

𝐹↑ = :
>
𝐹L(2 + 𝜒∗),        (7.26) 

𝐹↓ = :
>
𝐹L𝜒∗,          (7.27) 

and hence, using equation (7.22), an expression for the temperature: 

𝜋𝐵(𝑇) = 𝜎𝑇M = :
>
𝐹L(1 + 𝜒∗).        (7.28) 

Thus F↑, F↓ and B are all linear functions of the scaled optical depth χ∗. 

The expressions derived above apply within the atmosphere; we now consider the 
radiation balance at the ground, which we take to be a black body at temperature Tg and at 
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scaled optical depth 𝜒S∗ , say. From equation (7.26) the upward longwave irradiance in the 
atmosphere just above the ground is F0 (2 +𝜒S∗ )/2. If we assume that this equals the 
blackbody irradiance πB(Tg) = σ𝑇SM from the ground itself, then 

𝜎𝑇SM = 𝐹L �1 +
:
>
𝜒S∗� = 𝜎𝑇âM(1 +

:
>
𝜒S∗),    (7.29) 

where Te ≈ 255 K is the effective emitting temperature given by equation (7.7). Note that 
this again demonstrates a greenhouse effect, since the atmosphere has a non-zero optical 
depth, 𝜒S∗> 0, and so Tg is larger than the value Te that would occur in the absence of an 

absorbing atmosphere. 

The scaled optical depth is not a very intuitive vertical coordinate. However, if the 
height profiles of the extinction coefficient k and the absorbing gas density ρa are given, we 
can express the radiances and temperature in terms of height. As a simple example, we take 
k to be independent of height z and ρa(z) = ρa(0) e−z/Ha, as in Section 6.2. Then 

χ∗(z) =𝜒S∗e−z/Ha , and equations (7.22)–(7.28) give 

𝐹↑(𝑧) = :
>
𝐹L í2 + 𝜒S∗𝑒

9 Ê
Î�î , 𝐹↓ = :

>
𝐹L𝜒S∗𝑒

9 Ê
Î�,   (7.30) 

and 

𝑇(𝑧) = 2�{
>J
í1 + 𝜒S∗𝑒

9 Ê
Î�î8

:/M
.      (7.31) 

These profiles are plotted as functions of z/Ha in Figure 7.4 for 𝜒S∗= 2 and F0 =240 Wm−2. 

The height at which the temperature T equals the effective emitting temperature Te [see 
equation (7.7)] is sometimes called the emission height; in the present case, equation (7.31) 
shows that this is the height at which the scaled optical depth χ∗ = 1. 

Moreover T → (F0/2σ)1/4 as z → ∞: this is sometimes called the skin temperature, and it 
equals the stratospheric temperature Tstrat = 2−1/4Te given by equation (7.15) in the simpler 
model of Section 7.3. The behavior of the atmospheric temperature as the ground is 
approached is given by 

𝑇(𝑧) → 𝑇ð ≡ 𝑇â �
:�|ñ∗

>
�
R
ä 			𝑎𝑠		𝑧	 ↓ 0	,      (7.32) 

whereas the temperature Tg of the ground itself is given by equation (7.29) as 
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𝑇S ≡ 𝑇â �
>�|ñ∗

>
�
R
ä	.         (7.33) 

The model therefore predicts a temperature discontinuity between the ground and the 
atmosphere just above it: this is of course an unphysical consequence of the radiative 
equilibrium assumption. Moreover the lapse rate −dT/dz associated with the radiative 
equilibrium profile (7.31) may exceed the dry adiabatic lapse rate near the ground, implying 
static instability there. Inclusion of convection in the model removes the temperature 
discontinuity and forces the lapse rate to become stable. This is often termed radiative-
convective equilibrium, which will be discussed briefly in the next section. 

 

Figure 7.4 Vertical profiles of the downward and upward irradiances (left) and temperature (right) for 

the two-stream model. Here 𝜒S∗= 2 and F0 = 240 Wm−2. In the right-hand panel the vertical dashed 

lines indicate the temperatures Tstrat, Tb and Tg (which equal 215 K, 282 K and 303 K, respectively, 

for the stated parameters), and the thick horizontal line at z = 0 indicates the temperature discontinuity 

between the bottom of the atmosphere and the ground. 

7.5. Radiative-convective equilibrium 

In section 7.4 we found that in radiative equilibrium the temperature falls off very 
rapidly with height in the lower atmosphere (see Figure 7.4 and Figure 7.5) and it is likely 
to be convectively unstable. In radiative equilibrium we assumed that no convection takes 
place, and so that every vertical layer of the atmosphere is individually in equilibrium. 
However, in the atmosphere, convection (dry or moist) will occur, the lapse rate will be 
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adjusted by convective processes until it becomes stable up to some height, namely the 
tropopause. 

In addition to radiation, convection is an important contributor to the energetics of the 
atmosphere. Here, convection is most generically defined as a dry (in reality also a moist) 
process reflecting the diffusive and advective transport of heat and mass energy by vertical 
motions. Convective processes play important roles in vertical energy transport and the 
lateral distribution of clouds and water vapor. As we introduce this concept, it is beneficial 
to recall concepts of parcel stability in a dry atmosphere. If the temperature lapse rate is 
greater than the dry adiabatic lapse rate, the atmosphere is said to be unstable to upward 
parcel displacements. If the temperature lapse rate equals the dry adiabatic lapse rate, the 
atmosphere is said to be neutral to upward parcel displacements. If the temperature lapse 
rate is less than the dry adiabatic lapse rate, the atmosphere is said to be stable to upward 
parcel displacements. Herein, the dry adiabatic lapse rate is equal to 9.8 K km-1 and can be 
derived using the first law of thermodynamics. 

As the tropospheric lapse rate from purely radiative equilibrium is greater than the dry 
adiabatic lapse rate, radiative equilibrium is said to be an unstable situation. Thus, we 
introduce the concept of radiative-dry convective equilibrium, wherein such instability is 
removed by dry convection. In this, radiation and convection are said to counterbalance 
such that the troposphere is rendered neutral to vertical parcel displacements. Where such 
neutrality does not exist, radiation and convection act in concert to restore neutrality. The 
vertical temperature profile resulting from this equilibrium state more closely resembles 
observations but remains too warm near the surface and too cold at the tropopause (see 
dotted curve in Figure 7.5).  

Of course, the troposphere is not characterized by dry processes alone. Rather, most 
atmospheric convection involves the phase changes (condensation, evaporation, 
sublimation, etc.) of water, the process of which is associated with latent heat release. Also 
accompanying such phase changes are cloud formation and dissolution, each of which can 
modify radiative balance through its impacts on both incoming longwave and outgoing 
shortwave radiation. 

As before, principles of thermodynamics can be used to obtain a moist adiabatic lapse 
rate, one in which the latent heating due to phase changes of water is inherently accounted 
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for in its formulation. This lapse rate varies with altitude and has an approximate value 
between 6.5-7 K km-1. We again return to our concepts of parcel stability, this time in a 
moist atmosphere. If the atmospheric lapse rate is greater than the dry adiabatic lapse rate, 
the atmosphere is unstable to upward parcel displacements. If the lapse rate is between the 
moist and dry adiabatic lapse rates, the atmosphere is conditionally unstable to upward 
parcel displacements. If the lapse rate is equal to the moist adiabatic lapse rate, the 
atmosphere is neutral to upward parcel displacements. Finally, if the lapse rate is less than 
the moist adiabatic lapse rate, the atmosphere is stable to upward parcel displacements.  

The tropospheric temperature lapse rate from radiative-convective equilibrium under 
dry adiabatic conditions is greater than the moist adiabatic lapse rate. This enables us to 
introduce the concept of radiative-moist convective equilibrium, or hereafter referred to 
simply as radiative-convective equilibrium, wherein radiative and moist convective 
heating processes interact to result in an equilibrium or neutral thermodynamic state. This 
leads to an adjustment of the vertical temperature profile resulting from radiative-dry 
convective equilibrium to the moist adiabatic lapse rate, resulting in cooler (warmer) near-
surface (tropopause) temperatures and much better agreement with observations (see dashed 
curve in Figure 7.5). The construct of radiative-convective equilibrium is used in many 
theoretical tropical meteorology studies.  

However, this is still not perfect. We know that the atmosphere is rarely, if ever, 
characterized by neutral stability and a moist adiabatic temperature lapse rate. 
Meteorological phenomena exist because this is not the case, yet they exist to try to return 
the atmosphere to such an equilibrium state. More to the point, certain physical constraints 
are violated in the tropics if we extend the concept of radiative-convective equilibrium to 
the general circulation of the Earth. For instance, note that the latitudinal and seasonal 
variability in insolation described above results in the tropics (poles) having a net surplus 
(deficit) of heat energy. This alone results in an excessively large meridional temperature 
gradient between the equator and poles. Convection acts in part to counteract this imbalance 
such that latent heat release associated with convection not only locally acts to restore 
radiative-convective equilibrium but also drives the circulation in the tropics, transport the 
energy not only vertically but also horizontally to achieve a quasi-balance.  
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Figure 7.5 Calculated radiative equilibrium temperatures for radiative equilibrium (solid), 
and thermal equilibrium with a dry adiabatic lapse rate of 9.8 K km-1 (dotted) and a lapse 
rate of 6.5 K km−1 (dashed) up to a tropopause (at about 11km here) and a radiative 
equilibrium temperature in the stratosphere. 
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8. A simple model of scattering 

We conclude this chapter with a brief discussion of the scattering of solar radiation in 
the atmosphere. We consider a plane-parallel atmosphere and make the two-stream 
approximation, assuming that a fraction f of the spectral irradiance is scattered forwards (i.e. 
in the direction of the beam) and a fraction 1 − f is scattered backwards. These fractions 
represent integrals over the forward- and backward-pointing hemispheres of the 
corresponding radiances.  

We first work in terms of the vertical coordinate z and consider the downward 

penetration of the downward spectral irradiance 𝐹$↓ at a shortwave frequency ν. By analogy 
with the radiative-transfer equation (2.9), this satisfies the equation 

t�4↓

t(9e)
= −𝑎$𝜌q𝐹$↓ − 𝑠$𝜌q(1 − 𝑓)𝐹$↓ + 𝑠$𝜌q(1 − 𝑓)𝐹$↑.     (8.1) 

This states that the downward irradiance decreases in the downward direction because of 

the absorption term aνρa𝐹$↓ and because of the backscattered component sνρa(1 − f )	𝐹$↓ , and 
increases because of the backscattering of upward irradiance sνρa(1 − f ) 	𝐹$↑  into the 
downward direction. Emission is neglected, since the Planck function for shortwave 
frequencies at terrestrial atmospheric temperatures is negligible. A rearrangement of 
equation (8.1), in terms of the extinction coefficient kν = aν + sν (see equation (2.8)) gives 

t�4↓

t(9e)
= −𝑘$𝜌q𝐹$↓ + 𝑠$𝜌q𝑓𝐹$↓ + 𝑠$𝜌q(1 − 𝑓)𝐹$↑.    (8.2) 

We now replace −kνρadz by the optical depth increment d𝜒$∗; cf. equation (6.2). Introducing 
the albedo for single scattering, 

𝜔$ =
v4

q4�v4
= v4

�4
,        (8.3) 

and dropping the subscripts ν for simplicity, we obtain 

t�↓

t|∗
+ 𝐹↓ = 𝜔Ï𝑓𝐹↓ + (1 − 𝑓)𝐹↑Ñ.       (8.4a) 

In the same way we obtain the equation for the upward irradiance F↑: 

− t�↑

t|∗
+ 𝐹↑ = 𝜔Ï𝑓𝐹↑ + (1 − 𝑓)𝐹↓Ñ.      (8.4b) 
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The simplest case is that of an atmospheric layer in which there is scattering, but no 
absorption, i.e. with ω = 1. This layer could for example be a crude representation of a cloud. 
Equations (8.4) then give 

t�↓

t|∗
+ (1 − 𝑓)�𝐹↓ − 𝐹↑� = 0.                      (8.5a) 

− t�↑

t|∗
+ (1 − 𝑓)�𝐹↑ − 𝐹↓� = 0.       (8.5b) 

Addition of equations (8.5) shows that the net downward spectral irradiance is constant: 

−𝐹e = 𝐹↓ − 𝐹↑ = constant.        (8.6) 

Suppose that the downward spectral irradiance at frequency ν at the top of the layer (χ∗ = 0, 
say) is Finc and that the upward spectral irradiance at the bottom of the layer (χ∗ = 𝜒:∗, say) 
is zero. Suppose also that the transmitted spectral irradiance at the bottom is Ftrans and the 
reflected spectral irradiance at the top is Frefl; see Figure 8.1.We therefore have the boundary 
conditions 

𝐹↓(0) = 𝐹óQ-, 		𝐹↑(0) = 𝐹�âôÕ,				𝐹↓(𝜒:∗) = 𝐹Ø�qQv,				𝐹↑(𝜒:∗) = 0.    (8.7) 

 

Figure 8.1 Scattering from a horizontal layer, showing the incoming spectral irradiance Finc, the 

transmitted spectral irradiance Ftrans and the reflected spectral irradiance Frefl. 

We can define a transmission coefficient 𝕋 = Ftrans/Finc and a reflection coefficient (or layer 
albedo) ℝ = Frefl/Finc. Then −Fz = Finc − Frefl = (1 − ℝ)Finc = Ftrans − 0 = 𝕋Finc. Hence 

ℝ+ 𝕋 = 1,          (8.8) 
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implying conservation of irradiance. 

Using F↓ −F↑ = −Fz = 𝕋Finc and the upper boundary condition F↓ (0)=Finc, we now solve 
equation (8.5a) to get 

𝐹↓(𝜒∗) = 𝐹óQ-[1 − (1 − 𝑓)𝕋𝜒∗].       (8.9a) 

and, using equation (8.6), 

𝐹↑(𝜒∗) = 𝐹óQ-[ℝ − (1 − 𝑓)𝕋𝜒∗].       (8.9b) 

Then substitution of F↑(𝜒:∗) = 0 into equation (8.9b) and use of equation (8.8) gives the 
transmission and reflection coefficients 

𝕋 = :
:�(:9ô)|R∗

,								ℝ = (:9ô)|R∗

:�(:9ô)|R∗
.      (8.10) 

Note that, as 𝜒:∗→ ∞, the reflection coefficient (layer albedo) tends to 1 and the transmission 
coefficient tends to 0, i.e. the layer becomes a nearly perfect reflector as its optical thickness 
becomes large. 

The case of a layer that both absorbs and scatters solar radiation, so that the single 
scattering albedo ω < 1, involves more complicated mathematics, but the physical 
conclusions are similar, except that 	ℝ + 𝕋 < 1. 
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9. Radiative forcing and climate feedback 

9.1 An energy balance model 

In this section we introduce a very simple zero-dimensional energy balance model 
(EBM) of the time-dependent response of the climate system to radiative forcing. In this 
model the term ‘climate system’ is taken to encompass the top 100m or so of the ocean (the 
ocean’s ‘mixed layer’) together with the troposphere and the land surface: these three 
components are assumed to be represented by a ‘global-mean’ temperature T. Heat transport 
into the deep ocean is neglected for simplicity, so the only heat transfers into and out of the 
climate system are due to the absorbed solar (shortwave) radiation and the outgoing 
longwave radiation, respectively.  

This is clearly an extremely simplified version of the real, highly complex, climate 
system. However, it allows us to identify some important basic properties of the real system, 
and to explore some possible ways in which the climate may change in response to radiative 
forcing. 

The EBM is described by the equation  

𝐶 t³
tØ
= 𝐹↓ − 𝐹↑,          (9.1) 

which states that, averaged over the Earth, the rate of change of heat content per unit 
horizontal area of the climate system is given by the net heat flux into the climate system, 
i.e. the difference between the incoming and outgoing radiative power per unit area. Here 
F↓ is the solar (shortwave) irradiance absorbed by the climate system, and is equal to the 
unreflected incoming solar irradiance at the top of the troposphere. Neglecting any 
absorption of solar radiation above the tropopause we can take  

𝐹↓ = 𝐹L ≡
:
M
(1 − 𝐴)𝐹v,        (9.2) 

where F0 ≈ 240Wm−2, A is the planetary albedo and Fs is the total solar irradiance (TSI). 
Note that this expression for F↓ does not depend on the temperature or greenhouse gas 
concentration of the atmosphere. On the other hand, the outgoing (longwave) irradiance or 
OLR F↑ does generally depend on the temperature, water vapor content, carbon dioxide 
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concentration, etc., of the troposphere. 

The constant C is the heat capacity per unit horizontal area of the climate system. A 
simple approximation is to take it as the heat capacity per unit area of the oceanic mixed 
layer times the fraction (∼0.7) of the Earth’s surface covered by ocean.  

We suppose for the moment that the net heat flux F↓ − F↑ into the climate system 
depends only on the temperature T and the concentration U, of a particular greenhouse gas, 

𝐹↓ − 𝐹↑ = 𝑄(𝑇, 𝑈).         (9.3) 

In a steady-state climate at constant temperature T = Tss and concentration U = Uss, we have 
CdT/dt = 0 and so  

𝑄(𝑇vv, 𝑈vv) = 0.        (9.4) 

If this steady state is now slightly perturbed, so that T = Tss + T’(t) and U = Uss + U’(t), 
where T’« Tss and U’« Uss, we obtain the linearized form 

𝐶 t³}

tØ
= 𝑄(𝑇vv + 𝑇y, 𝑈vv + 𝑈y) ≈

ÔÙ
Ô³
𝑇y + ÔÙ

Ôù
𝑈′,     (9.5) 

where we have expanded Q(T,U) to first order in T’ and U’ and used equation (9.4). The 
partial derivatives are evaluated at (T,U) = (Tss,Uss). 

We now define the climate feedback parameter 

α = −ÔÙ
Ô³

.          (9.6) 

The climate feedback parameter α quantifies how the net downward heat flux Q varies with 
temperature. If Q decreases with temperature, α is positive and tends to damp temperature 
perturbations. On the other hand if Q increases with temperature, α is negative and tends to 
enhance temperature perturbations. 

In Section 9.2 we examine in more detail the processes that contribute to climate 
feedback. As noted there, typical global-mean values of α are positive under current climate 
conditions, though under extreme climates they might become negative. We also define the 
radiative forcing 

F = − ÔÙ
Ôù
𝑈′.        (9.7) 
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so that equation (9.5) can be written 

𝐶 t³y
tØ
+ 𝛼𝑇y = 𝐹(𝑡).        (9.8) 

The radiative forcing F as defined in equation (9.7) quantifies the change in the net 
inward heat flux F↓ − F↑ at the top of the troposphere associated with a small change U’ of 
a greenhouse gas from its steady-state value. It can be defined more generally for a finite 
change and applied to quantities other than greenhouse gases. 

It is not possible to give precise values of the feedback parameter or the heat capacity 
for the Earth’s climate system. However, experiments with the complex climate models 
suggest that α ≈ 1 W m−2 K−1 and C ≈ 1 G J K-1 m−2 might be typical order-of-magnitude 
estimates. 

It should be noted that the linearized EBM (9.8) ignores the possibility of climate 
change in the absence of an external forcing; this might be brought about, for example, by 
nonlinear interactions between different components of the climate system. 

9.2 Climate feedbacks 

We now look at climate feedbacks in more detail, taking account of the fact that the 
temperature dependence of Q = F↓ − F↑ comes about partly through the dependence of Q on 
a number of variables Vi, such as H2O concentration, clouds, albedo and tropospheric lapse 
rate, each of which depends on temperature. The quantity Q can also depend on a further 
set of variables Uj, such as CO2 concentration, that are independent of temperature. We 
therefore replace Q = Q(T,U) by 

𝑄 = 𝑄(𝑇, 𝑉:(𝑇), 𝑉>(𝑇), … , 𝑉þ(𝑇), 𝑈:, 𝑈>, … , 𝑈ÿ.    (9.9) 

The definition (9.6) of climate feedback is replaced by 

𝛼 = −ÔÙ
Ô³
− ∑ ÔÙ

Ô!"

t!"
t³

þ
óÚ: ,        (9.10) 

where the term ∂Q/∂T refers to the partial derivative of Q with respect to the first T argument 
in equation (9.9), keeping all the Vi and Uj constant, and all derivatives are evaluated at the 
steady state values (T,Uj) = (Tss,Ujss). The feedback parameter α may be separated into its 
constituent parts,  
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𝛼 = ∑ 𝛼óþ
óÚL 				where		𝛼L ≡ − ÔÙ

Ô³
		and		𝛼ó ≡ − ÔÙ

Ô!"

t!"
t³
		𝑓𝑜𝑟		𝑖 ≥ 1.  (9.11) 

It is found that α0 is generally larger in magnitude than the other αi. However, some of the 
latter may be non-negligible compared with α0. Moreover, some of these – associated for 
example with water vapor and clouds – may have the opposite sign to α0, and hence 
significantly reduce the total α. 

With the form of Q given in equation (9.9) we can also define the radiative forcing 
associated with a perturbation U’j in the variable Uj as  

𝐹% =
ÔÙ
Ôù&

𝑈%y,           (9.12) 

by analogy with equation (9.7). 

9.2.1 Blackbody feedback 

The simplest example of feedback occurs when the climate system acts as a black body 
at unperturbed temperature Tss, and modifying effects due to the atmosphere are neglected. 
We assume F↓ = F0 ≈ 240Wm−2, independent of temperature; the Stefan–Boltzmann law 

gives F↑ = σ𝑇vvM , so 

𝑄 = 𝐹↓ − 𝐹↑ = 𝐹L − 𝛼𝑇vvM = 0.      (9.13) 

in the steady state. Hence Tss equals the emission temperature Te ≈ 255K, as in section 7.1. 
Taking α0 = −∂Q/∂Tss gives  

𝛼L = 4𝜎𝑇vv' = 𝛼\\ ≡ 4𝛼𝑇â' ≈ 3.8	𝑊	𝑚9>𝐾9:; 

we call αBB the blackbody feedback. The fact that αBB > 0 expresses the physical result 
that the power radiated by a black body increases with its temperature. 

In the presence of an atmosphere the situation is more complicated. Equation (9.13) can 
be replaced by 

𝑄 = 𝐹↓ − 𝐹↑ = 𝐹L − 𝛼𝑇âM = 0.       (9.14) 

and if we have a functional relation between Te and Tss we can write 

𝛼L = − ÔÙ
Ô³ßß

= 4𝜎𝑇â'
t³è
t³ßß

.       (9.15) 
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A simple model would be to take 𝑇âM = 𝜀𝑇vvM , where ε < 1 is an equivalent emittance for the 
atmosphere, assumed independent of temperature. In this case 

𝛼L = 4𝜎𝑇â'𝜀:/M = 𝜀:/M𝛼\\.      (9.16) 

An example is the radiative greenhouse model of Section 7.2, for which it is found from 
equation (7.5) that ε = (1+𝒯lw)/(1+𝒯sw). However, it should be borne in mind that there may 
not be any simple relationship between the global-mean values of Te and Tss in the real 
atmosphere. Detailed general circulation models of the Earth’s climate can be used to 
estimate α0 by applying height-independent temperature perturbations in the troposphere. 
This gives a value of about 3.2 Wm−2 K−1 corresponding to ε ≈ 0.5.  

9.2.2 Water vapor feedback  

Here Q = Q(T, V(T)), where V(T) is some measure of the water vapor content of the 
atmosphere. In our simple zero-dimensional model we could, for example, take V to be the 
saturation mixing ratio at the mean surface pressure p∗, 

𝑉(𝑇) = 𝜇v(𝑇, 𝑝∗) ≡ 𝜇∗(𝑇).      (9.17) 

This dependence of Q = F↓−F↑ on water vapor comes mainly from the OLR F↑, although F↓ 
may also depend on water vapor, through its dependence on water-vapor absorption in the 
stratosphere and on the albedo, which in turn depends on clouds and ice. The corresponding 
feedback parameter is 

𝛼Ö� = − ÔÙ
Ô+∗

t+∗
t³

,        (9.18) 

and from the Clausius–Clapeyron equation, using μ∗(T) = εes(T)/p∗, we have 

t+∗
t³

= +∗u
,-³?

, (9.19) 

which is clearly positive. Moreover, ∂Q/∂μ∗ is also generally positive, since the OLR F↑ 
decreases, and hence Q = F↓ − F↑ increases, with increasing amount of water vapor; 
therefore αwv, unlike αBB, is negative. This implies that as the Earth warms (for example as 
a result of increasing CO2), increasing water vapor amounts contribute a decrease in OLR 
and so tend to warm the climate further (However, it should be noted that the calculation 
used here is grossly over-simplified: the real atmosphere is not at a uniform temperature, 
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and we should really be considering an ensemble of air-parcel trajectories, with each parcel 
retaining its mixing ratio until saturated). This is an example of positive feedback. 

There is some ambiguity in the climate-change literature over the definitions of 
‘positive’ and ‘negative’ feedback, and even in the definition of ‘feedback’ itself. The 
convention we have used here is to define a non-blackbody feedback αi as ‘positive’ if αi/αBB 

< 0 and as ‘negative’ if αi/αBB > 0. However, an alternative definition is based on the sign 
of the total feedback parameter α; the simple EBM is stable if α > 0 and unstable if α < 0. 

Detailed calculations show that −αwv/α0 ≈ 0.4 under present conditions. While this 
implies that water vapor contributes a significant positive feedback, it is not sufficient to 
make the sum α ≈ α0 + αwv negative; hence the climate in this model is stable. If −αwv/α0 
were to exceed 1, an unstable ‘runaway climate’ could develop; however, such a possibility 
seems to require conditions that are far warmer than those encountered in the present-day 
global-mean terrestrial climate. It has, however, been speculated that this runaway 
greenhouse effect may have occurred on the planet Venus. 

9.2.3 Other feedback processes 

The net inward heat flux Q can depend on temperature in many other ways, and for 
each of these we can define a climate feedback. Examples include feedback processes 
associated with clouds, lapse rate, ice-albedo, the carbon cycle, ocean circulation, etc. Some 
of these are highly complex and are poorly understood at present research is devoted to 
trying to understand and quantify the effects of these feedbacks on climate change.  

9.3 The radiative forcing due to an increase in CO2 

Detailed calculations show that the radiative forcing due to a change of CO2 is 
approximately proportional to the logarithm of the fractional change of CO2 mixing ratio: 
if the CO2 amount increases by a factor β, the radiative forcing is given to a good 
approximation by 

𝐹.×01? = 5.3	ln𝛽		𝑊𝑚9>.       (9.20) 

In this section we give a simple, approximate, demonstration of the main physical 
principles that underlie this logarithmic dependence. We find that the spectral variation of 



62 
 

the transmittance of CO2 is an essential feature: a ‘grey gas’ model would fail completely.  

The simplest relevant model takes the ground to be a black body at a ‘warm’ 
temperature Tg, with Planck function Bνg ≡ Bν(Tg) at frequency ν, and represents the 
troposphere by a thin slab at a uniform ‘cool’ temperature Tt < Tg, with Planck function Bνt 
< Bνg and spectral transmittance 𝒯ν. The upward spectral irradiance at frequency ν above 
the troposphere is given by emission from the ground (with emittance 1), decreased by the 
tropospheric transmittance, plus emission from the troposphere (with emittance 1 − 𝒯ν ): 

𝐹$↑ = 𝜋𝒯$𝐵$S + 𝜋(1 − 𝒯$)𝐵$Ø.      (9.21) 

We refer to the upward spectral irradiance as the spectral outgoing longwave radiation, 
or SOLR for short. 

The minimum possible value of 𝒯ν is 0, corresponding to a totally opaque troposphere; 

in this case 𝐹$↑ equals the blackbody irradiance πBνt from the top of the troposphere. The 
maximum possible value of 𝒯ν is 1, corresponding to a totally transparent troposphere, when 

𝐹$↑ equals the surface black-body irradiance πBνg. For 0 < 𝒯ν < 1, equation (9.21) shows 
that 𝐹$↓ lies between these two extreme values. 

For a single absorbing gas the tropospheric transmittance 𝒯ν can be approximated by 
equation (4.1) modified by the diffusivity factor (see equation (2.16)): 

𝒯$ = exp(−1.66 ∫ 𝑘$(𝑧)𝜌q(𝑧)𝑑𝑧).      (9.22) 

Here the integral is taken over the depth of the troposphere, kν is the spectral absorption 
coefficient and ρa is the absorber density.  

We wish to find the radiative forcing due to a change in density of this absorber. 
Neglecting any short-wave absorption, this radiative forcing is minus the change of SOLR 
just above the troposphere, integrated over all frequencies. Let us suppose that the absorber 
density increases by a factor β > 1 at each level z, from ρa(z) to βρa(z). Equation (9.22) shows 
that, under this change, the tropospheric transmittance is raised to the power β, i.e. it goes 

from 𝒯ν to 𝒯$
.. In accordance with the definition of radiative forcing (see Section 9.1), we 

assume that the temperatures of the ground and troposphere do not change under this 

absorber change; the resulting change ∆𝐹$↑ in SOLR above the troposphere is therefore 
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∆𝐹$↑ = 𝜋(𝐵$S − 𝐵$Ø)∆𝒯$.       (9.23) 

Here we have defined the change of tropospheric transmittance 

Δ𝒯$ ≡ 𝒯$
. − 𝒯$ ≡ −𝐷(𝒯$,𝛽), say.     (9.24) 

For β > 1 and 0 < 𝒯ν < 1 this change of transmittance is negative, and D is positive: hence 
equation (9.23) implies that the upward irradiance at the tropopause decreases under the 
increase of absorber. Alternatively, in terms of equation (9.21), as the transmittance 
decreases less SOLR comes from the warm surface and more from the cool troposphere, 

leading to an overall decrease of the SOLR. However, D = 0 when 𝒯ν = 0 or 1, reflecting 
the fact that the transmittance cannot change at frequencies where the troposphere is already 
totally opaque or totally transparent. 

 

Figure 9.1 Plots of D(𝒯$) against 𝒯$ for β =√2, 2, 2√2, and 4. 

Figure 9.1 shows the decrease in transmittance D(𝒯ν , β) for the full range 0 ≤𝒯ν ≤ 1, 

for the four values β =√2, 2, 2√2 and 4. Note that D attains a maximum value Dmax(β) 

somewhere in mid-range, with Dmax increasing with β. It can be shown that, for 1 < β ≤ 4, 
Dmax(β) is given to a good approximation by  

𝐷�q6 =
:
â
ln𝛽.        (9.25) 
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Figure 9.2 (a) Spectrum of 𝒯$ for the main absorption band of CO2, plotted against frequency ν in THz 

and also against wavenumber 𝜈" in cm−1 and wavelength in μm, at a resolution of 0.3 GHz (0.01 cm−1). 
(b) A smoothed version of the same spectrum: this is obtained by reordering the original spectrum 
with respect to frequency, to make it monotonic in frequency on either side of the center of the band. 
The range of variation of 𝒯$ and the area under the curve are unchanged by the reordering. 

The value of 𝒯ν at each frequency ν, and hence the SOLR and the radiative forcing, for 
a particular absorbing gas will depend on the amount of absorber and its spectroscopic 
properties. We take the absorber to be carbon dioxide and concentrate on its main absorption 

band: Figure 9.2(a) plots 𝒯ν against ν at high resolution and Figure 9.2(b) plots a smoothed 
version of 𝒯ν (cf. Figure 5.2, which includes a low-resolution plot of the transmittance of a 
vertical atmospheric column, plotted against wavelength). Focusing for clarity on the 
smoothed spectrum, we note that, as ν increases, 𝒯ν drops from 1 to 0 between about 16 and 
18 THz and then rises from 0 to 1 between about 22 and 24 THz. The maximum value Dmax 
of D(𝒯ν) will be attained at certain frequencies in these regions on the ‘flanks’, or ‘wings’, 
of the absorption band. 

Outside these regions Δ𝒯ν equals either 1−1 or 0−0, i.e. it is zero; so by equation (9.23) 

the change Δ𝐹$↑ in SOLR is also zero there. Physically, there can be no change in SOLR at 
those frequencies where the troposphere is either completely transparent (optically thin) or 
completely opaque (optically thick): neither of these cases is affected by an increase in 
absorber density.  
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Figure 9.3 (a) Decrease −Δ𝐹$↑ in SOLR given by equation (9.23) for a doubling of CO2 density (β = 2), 

based on the smoothed spectrum on the right of Figure 9.2, with Tg = 290 K and Tt = 225 K. (b)−	Δ𝐹$↑/ 
ln β, for β = 2 (solid) and 4 (dotted). 

Figure 9.3(a) shows the decrease in SOLR for the case β = 2, with Tg = 290 K and Tt = 
225K chosen to represent a typical observed mid-latitude upper-tropospheric temperature. 
This decrease has a peak, with maximum value π(Bνg−Bνt)Dmax, on each flank of the 
absorption band. Figure 9.3(b) shows the decrease in SOLR divided by ln β, for β = 2 and 
4; the fact that the two curves are so close together indicates that the approximate 

logarithmic dependence of Dmax in equation (9.25) carries over to −Δ𝐹$↑ at each frequency. 

Another way of looking at this result is to plot the unperturbed SOLR, and the SOLR 
under a doubling of CO2, against frequency: see Figure 9.4. Also plotted are πBν for the 
surface and the troposphere (which is again given a typical observed upper-tropospheric 
temperature). As expected from equation (9.21), both SOLR curves lie between the two 
Planck function curves, rising to meet the surface curve outside the absorption band, and 
falling to meet the tropopause curve inside it. As CO2 doubles, the SOLR decreases a little 
at each wavenumber on the flanks of the CO2 band. The decrease from the unperturbed case 
is given by the vertical distance between the two SOLR curves, and this is equal to the 
function plotted in Figure 9.3(a). This decrease leads to a broadening of the ‘bite’ taken out 
of the surface Planck function curve. 
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Figure 9.4 Unperturbed SOLR 𝐹$↑	(solid), and the SOLR under a doubling of CO2 (dotted), based on the 

smoothed spectrum on the right of Figure 9.3, plotted against frequency and wavenumber. Also shown 
are πBν evaluated at the surface (dot-dashed) and at the tropopause (dashed), with Tg = 290 K and Tt 
= 225 K. 

The final stage in the calculation of the radiative forcing is to integrate the spectral 
results over frequency, i.e. to calculate the areas under the curves in Figure 9.3(b). The fact 
that these areas depend only weakly on β shows that the approximate logarithmic 
dependence carries over to the radiative forcing F, which therefore takes the form 

𝐹 = −∫ ∆𝐹$↑𝑑𝜈
K
L ≈ 𝐴𝑙𝑛𝛽,        (9.26) 

where A is a constant, in agreement with the form of equation (9.20). Note that the 
logarithmic dependence does not depend on the detailed structure of the spectral lines, but 
just on the fact that the tropospheric transmittance varies rapidly in frequency between 0 
and 1 on each flank of the absorption band, so that the most significant values of the 
transmittance change (almost proportional to ln β) are attained in a narrow range of 
frequencies there. The integral is dominated by contributions from frequencies in these flank 
regions.  
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For comparison with Section 9.1, it is convenient to put U = ln ρ0, where ρ0 = ρa(0) is 
the CO2 density at the ground. The change from ρ0 to βρ0 then corresponds to the finite 
change ∆U = ln β, so equation (9.26) gives F ≈ AΔU. This implies that equation (9.7) holds 
without the ‘small perturbation’ assumption, given ∂Q/∂U = A. 

The CO2 case should be contrasted with that of absorbers such as the 

chlorofluorocarbons, which are optically thin at all frequencies, so that 𝒯ν is always close 
to 1 (i.e. it is always close to the right-hand end of the range shown in Figure 9.1), and Dmax 
is never attained at any ν. In this case we can show (e.g. by putting 𝒯ν = 1 − 𝒜ν, where 
𝒜ν	≪1) that D(𝒯ν) ∼ (β − 1)(1 − 𝒯ν). Therefore for such absorbers the radiative forcing is 
linear, not logarithmic, in β: this is confirmed by detailed calculations. Of course, our simple 
slab model is an extremely crude representation of the real troposphere. However, it can be 
extended to a multi-level model in which the temperature follows a specified lapse rate; the 
argument that we have used is applied at each level within the troposphere, and then a 
vertical integral performed. Approximate logarithmic dependence of the SOLR at each 
frequency is found, and essentially the same results follow. 

9.4 The radiative forcing due to clouds 

We will next explore how clouds affect the radiative balance we just described. In 
general the impact that clouds have on the temperature of the atmosphere and the surface 
can be divided into two effects, the impact due to their albedo (clouds reflect incoming solar 
radiation back to space) and their radiative effects (i.e. they absorb and re-emit radiation 
depending on their temperature and liquid water content). The albedo effect is straight-
forward: clouds are either transparent or they increase the albedo of the earth, which cools 
the surface. But even if clouds are reflective, this doesn't mean that the net impact of all 
clouds is to cool the surface and only mean that the impact due to their albedo is to cool the 
surface. So to calculate their net impact, let's move on to the radiative effects of clouds. 

For this section we will classify clouds as either thin clouds (i.e. those with little liquid 
water) or thick clouds (those with lots of liquid water); as either high albedo (i.e. reflective) 
or low albedo (transparent to incoming solar radiation); and as cold clouds or warm clouds. 
In the tropics, for example, deep convection results in thick clouds that can reach high into 
the atmosphere (i.e. the tropopause). Because air cools as it lifts, the tops of clouds 
associated with deep convection are cold. So how will these clouds, which are cold at their 
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top and thick (lots of liquid water), affect the radiative budget? 

The first thing to note is that in the atmospheric window (i.e. where the surface of the 
earth most efficiently radiates to space) water vapor is not an effective absorber, but liquid 
water is. So while humidity in the air (i.e. water vapor) is an effective greenhouse gas it 
generally blocks emission at wavelengths outside of the atmospheric window. Liquid water, 
however, is absorptive in the atmospheric window. So a cloud that puts liquid water high 
into the atmosphere is equivalent to increasing the greenhouse effect (albeit temporarily). 
And as we saw in the previous section, an increased greenhouse effect will warm the surface. 

We can also consider the effect of the temperature of the top of the cloud, which radiates 
to space. If there were no cloud, the surface of the earth would radiate directly to space 
according to the surface temperature of the Earth. Because the cloud top is relatively cold 
compared to the surface it is less efficient at radiating to space, meaning the atmosphere and 
the surface will warm up. So if we add these effects up thick (more water vapor, more 
greenhouse effect, warms Earth’s surface), cold topped (less efficient radiating to space, 
warms Earth’s surface) clouds will warm the surface due to radiative effects, but because 
they reflect sunlight (they are higher albedo) they'll also cool the surface. These two effects 
tend to cancel one another. On the other hand, we can consider low, warm, high albedo 
clouds. These low clouds tend to be a similar temperature to the Earth's surface (i.e. warm) 
because the air doesn't have a chance to cool through adiabatic expansion that occurs in 
rising air parcels. They also tend to be thin (i.e. have less water vapor than clouds associated 
with deep convection). And they are high albedo (i.e. reflective). So let's now consider a 
thin, high albedo, warm topped cloud. 

A thin (not much water vapor, negligible greenhouse effect), warm topped (similar 
temperature to earth surface, so nearly as efficient radiator), high albedo (reflects sunlight 
to space, cooling the surface) cloud will cool the surface of the Earth because the albedo 
impact will be significant but the radiative impact will not. Our final example will be of a 
cloud that is thin and cold (because it is high in the atmosphere) but is low albedo 
(transparent to incoming solar radiation). Just because a cloud is transparent to incoming 
solar radiation (which is shortwave), doesn't mean it is transparent to radiation emitted by 
the Earth (which is longwave). This is essentially the same reason that CO2 acts as a 
greenhouse gas even though it's not visible in the atmosphere. So the greenhouse forcing of 
these clouds acts to warm the surface. Because these clouds are high in the atmosphere, 
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meaning they are cold, they don't efficiently radiate energy to space (again increasing the 
surface temperature). So cold, thin, low albedo clouds warm the surface because their 
radiative warming of the surface is large while their albedo is small and the cooling doesn't 
compensate.  

Taken in total, the effect of clouds on the surface forcing is negative everywhere. So 
the effect of clouds is to cool the surface, and it will depend (to zeroth order) on the amount 
and frequency of clouds. So even though the types of clouds found in the midlatitudes (i.e. 
cold, low) more effectively cool the surface, there are simply more clouds of all kinds in the 
tropics, meaning that the net surface forcing of clouds is largest in the tropics. 

Radiative forcing of clouds is defined as a difference between the net fluxes in ‘clean’ 
and cloudy atmospheric conditions. 

	    (9.27) 
where 𝐹-Õµ´t(𝑇𝑂𝐴) is the net total (SW+LW) flux at the top of the atmosphere (or at the 
tropopause) in the presence of clouds; 𝐹-Õâq�(𝑇𝑂𝐴) is the net total flux at the top of the 
‘clean’ atmosphere (i.e., a reference atmospheric condition). Cloud radiative forcing can 
also be expressed as 

∆𝐹 = 𝑆𝑊𝐹 + 𝐿𝑊𝐹,       (9.28) 
where SWF is the shortwave (solar) component of radiative forcing and LWF is the 
longwave (thermal IR) component of radiative forcing. 

𝑆𝑊𝐹 = 𝐹¶Ë,-ÕâqQ
↑ (𝑇𝑂𝐴) − 𝐹¶Ë,-Õµ´t

↑ (𝑇𝑂𝐴),    (9.29a) 

𝐿𝑊𝐹 = 𝐹uË,-ÕâqQ
↑ (𝑇𝑂𝐴) − 𝐹uË,-Õµ´t

↑ (𝑇𝑂𝐴),    (9.29b) 

Cloud radiative forcing shows how much clouds modify the net radiation and thus their 
role in the Earth energy balance. Positive forcing occurs over the regions where clouds act 
to increase the net energy into the Earth system, while the negative forcing is over the 
regions where clouds act to decrease the net energy. The solar and terrestrial properties of 
clouds have offsetting effects in terms of the energy balance of the planet. In the longwave 
(LW), clouds generally reduce the radiation emission to space and thus result in a heating 
of the planet. While in the SW, clouds reduce the absorbed solar radiation, due to a generally 
higher albedo than the underlying surface, and thus result in a cooling of the planet. 

The latest results from ERBE indicate that in the global mean, clouds reduce the 
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radiative heating of the planet. This cooling is a function of season and ranges from 
approximately -13 to -21 W m-2. While these values may seem small, they should be 
compared with the 4 Wm-2 heating predicted by a doubling of atmospheric concentration of 
CO2. In terms of hemispheric averages, the LW and SW cloud forcing tend to balance each 
other in the winter hemisphere. In the summer hemisphere, the negative SW cloud forcing 
dominates the positive LW cloud forcing, and the clouds result in a cooling.  

High level clouds (cirrus): The overall effect of the high thin cirrus clouds is to enhance 
atmospheric greenhouse warming. They are highly transparent to shortwave radiation (their 
cloud albedo forcing is small), but they readily absorb the outgoing LW radiation. Because 
cirrus clouds are high, and therefore cold, the energy radiated to outer space is lower than it 
would be without the cloud (the cloud greenhouse forcing is large).  

Low level clouds: Low stratocumulus clouds act to cool the Earth system. Because 
lower clouds are much thicker than high cirrus clouds, they are not as transparent to solar 
radiation. Instead, they reflect much of the solar energy back to space (cloud albedo forcing 
is large). Although stratocumulus clouds also emit longwave radiation out to space and 
toward the Earth's surface, they are near the surface and at almost the same temperature as 
the surface (thus, their cloud greenhouse forcing on a planetary scale is small).  

Deep convective clouds: Because cumulonimbus cloud tops are high (can reach 10 km) 
and cold, the LW radiation emitted to outer space is lower than it would be without the cloud 
(the cloud greenhouse forcing is large). But because they also are very thick, they reflect 
much of the SW radiation back to space (their cloud albedo forcing is also large). As a 
consequence, overall, the cloud greenhouse and albedo forcings almost balance, and the 
overall effect of cumulonimbus clouds is neutral-neither warming nor cooling. 
 
 
 


